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The requirements of conformal invariance for two and three point functions for general
dimension d on flat space are investigated. A compact group theoretic construction of the
three point function for arbitrary spin fields is presented and it is applied to various cases
involving conserved vector operators and the energy momentum tensor. The restrictions
arising from the associated conservation equations are investigated. It is shown that there
are, for general d, three linearly independent conformal invariant forms for the three point
function of the energy momentum tensor, although for d = 3 there are two and for d = 2
only one. The form of the three point function is also demonstrated to simplify considerably
when all three points lie on a straight line. Using this the coefficients of the conformal
invariant three point functions are calculated for free scalar and fermion theories in general
dimensions and for abelian vector fields when d = 4. Ward identities relating three and two
point functions are also discussed. This requires careful analysis of the singularities in the
short distance expansion and the method of differential regularisation is found convenient.
For d = 4 the coefficients appearing in the energy momentum tensor three point function
are related to the coefficients of the two possible terms in the trace anomaly for a conformal
theory on a curved space background.
1 Introduction
There has been an enormous literature in recent years devoted to conformal field
theories in two dimensions. The starting point of such discussions [1,2] is almost invariably
the operator product expansion for T (z) = Tzz(x), where Tµν(x) is the traceless two
dimensional energy momentum tensor and z = x1 + ix2, which has the form
T (z)T (w) ∼
1
2c
(z − w)4 +
2
(z − w)2T (w) +
1
z − wT
′(w) . (1.1)
An alternative and equivalent result for this operator product expansion is given by the
conformal invariant forms for the two and three point functions of T (z),
〈T (z)T (w)〉 =
1
2c
(z − w)4 ,
〈T (z1)T (z2)T (z3)〉 = c
(z1 − z2)2(z2 − z3)2(z3 − z1)2 .
(1.2)
Writing T (z) =
∑
n Lnz
−n−2 then (1.1) is also equivalent to the Virasoro algebra where
where c is the central charge. When c ≤ 1, there is a complete classification of unitary con-
formal field theories but also for c > 1 there is a extremely large set of explicitly constructed
examples of conformal field theories with very rich mathematical structure. Besides string
theory these are of relevance to two dimensional statistical physics systems at critical
points defined by vanishing β functions where the trace of the energy momentum tensor
vanishes and the systems enjoy conformal invariance. The work on conformal field theo-
ries in two dimensions has also led to further understanding of non conformally invariant
quantum field theories. Motivated by the definition of c in terms of the two point function
of the energy momentum tensor as in (1.2) in conformal field theories Zamolodchikov [3]
showed how to define for non conformal theories a quantity C(t), where t = lna + const.
for a some distance scale, which is monotonically decreasing under renormalisation flow
for t increasing and is stationary only at critical points where the β function vanishes. As
t → ∞ and the critical point is approached C(∞) becomes equal to the Virasoro central
charge of the conformal field theory associated with the critical point.
Although the conformal group in two dimensions is infinite dimensional, and addi-
tional powerful constraints such as modular invariance are present, there remains a clear
motivation for studying conformal field theories in three and four dimensions which are
respectively relevant for realistic statistical physics systems at their critical points and for
physical quantum field theories. However conformal field theories in dimensions d > 2 are
relatively far less well explored although much work was undertaken twenty or so years
ago [4,5,6,7,8,9,10,11,12] under the influence of the discovery of scaling in deep inelastic
scattering and more recently there have been discussions motivated in part by the wish to
extend two dimensional results [13,14,15,16]. In three dimensions there should be many
non-trivial examples corresponding to the different universality classes of statistical physics
systems at their various critical points. Nevertheless, it is very difficult to construct explic-
itly solvable examples except in some approximation based on free field theories. In four
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dimensions it is likely that conformal field theories are rather rare, based on the strong
evidence of triviality for most quantum field theories when the cut off is removed. Possible
examples are N = 4 supersymmetric gauge theories when the β function is identically zero
and also SU(N) gauge theories in the N →∞ limit with large numbers of fermions in the
fundamental representation. If the number of fermion representations f = 112 N − k with
k ≪ N then there is an infra-red stable fixed point where β(g∗) = 0 for g2∗N = O(N−1)
which should be perturbatively accessible [17,18]. For d = 4 − ε, and also d = 2 + ε,
there are of course examples of conformal field theories whose critical exponents may be
determined as an expansion in ε.
In general for d > 2 it is not clear what are the crucial parameters specifying a
conformal field theory analogous to c when d = 2. The most obvious generalisation of c
is in terms of the overall scale of the two point function of the energy momentum tensor
which has a unique form in the conformal limit. Indeed, Cappelli et al. [19] and also Shore
[20] considered this in an attempt to generalise the Zamolodchikov c-theorem to d > 2.
This endeavour is unfortunately not fully successful in that the supposed candidate for
C(t) is not monotonic under renormalisation flow. An alternative approach considered by
Cardy [21], and pursued subsequently by Jack and Osborn [18,22], is through the trace of
the energy momentum tensor Tµν on curved space which is a c-number in the conformal
limit. In two dimensions for conformal theories gµνTµν ∝ R, the scalar curvature, where
the coefficient of proportionality provides an alternative definition of the Virasoro central
charge c. In four dimensions, assuming conformal invariance, gµνTµν contains two terms
proportional to F, G where F, G are dimension 4 scalars constructed from the Riemann
tensor. The coefficient of F is related to the two point function of the energy momentum
tensor while the coefficient of G, which is the Euler density, was suggested by Cardy, and
subsequently analysed in perturbation theory by Jack and Osborn, as a candidate for a
c-theorem. Although the perturbative evidence is encouraging [18] there are no general
results for the desired positivity conditions which ensure a monotonic renormalisation flow.
In this paper the intention is to initiate an analysis of three point functions of the
energy momentum tensor and other operators in dimensions d > 2, extending the results
in (1.1) and (1.2). In conformal field theories three point functions are essentially unique
since the conformal group is transitive on three points. We will show that there are three
linearly independent forms for the conformally invariant three point function for the energy
momentum tensor in arbitrary dimension. However in three dimensions this is restricted
to two and for d = 2 to one (and the coefficient is just the central charge c again). In four
dimensions the three coefficients present in the general conformally invariant expression
may be related to the coefficients of F, G in the expansion of the trace of the energy
momentum tensor on curved space [23].
The analysis of the consequences of conformal invariances rapidly becomes tedious
with the proliferation of indices. In the next section we describe a group theoretic approach
for conformal invariant three point functions which is based on a paper of Mack [10] some
time ago. This gives a relatively compact construction and allows a simple analysis of
the conditions for conservation of the energy momentum tensor ∂µTµν = 0 and also for
vector currents Vµ when we require ∂µVµ = 0. The construction is shown to be both
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necessary and sufficient for any conformal invariant three point function by showing how
the complete three point function is determined by the the leading term in the operator
product expansion for two operators. In section 3 the general construction is applied to
various cases involving Tµν and Vµ and also scalar operators of arbitrary dimension. In
section 4 an alternative approach based on requiring the three points to lie on a straight
line is described. In this case the conformal invariant form simplifies and a straightforward
algebraic approach is feasible. It is also possible to connect specific cases to the more
general analysis of the previous section. The discussion of this collinear configuration
is further advantageous since it is then feasible to derive fairly simply the forms of the
three point function in the examples of conformal field theories in general dimensions
provided by free scalars and fermions. This is undertaken in section 5 where we calculate
the coefficients defining the three point function of the energy momentum tensor in these
cases as well as for other examples discussed earlier. For d = 4 we also consider the
conformal field theory defined by free vector fields. These three field theories give rise to
three linearly independent forms for the energy momentum tensor three point function so
that the general form may be realised as a linear combination of the expressions for free
scalars, fermions and vectors.
In section 6 we discuss the Ward identities relating two and three point functions.
These are derived by considering formulae for diffeomorphism invariance and scale invari-
ance on curved space and then reducing to flat space. To verify these identities using our
general results it is necessary to analyse carefully the form of the three point function as
two points become close together (equivalent to an operator product expansion) and to en-
sure that the singular short distance terms are well defined distributions. This is achieved
by adapting the technique of differential regularisation [24]. As a result of the Ward iden-
tity there is a linear relation between the three coefficients defining the general three point
function of the energy momentum tensor and the scale of the unique two point function
in a conformal theory. Explicit forms for the leading and next to leading terms involving
scalar and conserved vector fields and also the energy momentum tensor in the operator
product expansion of the energy momentum tensor with the same operators are found. In
section 7 we also construct a Hamiltonian operator H from the energy momentum tensor.
Knowing the action of H enables us to relate any three point function containing Tµν
and the corresponding two point function without Tµν . The same formulae as in section
6 are obtained but without the need for careful regularisation of the coefficient functions
in the short distance operator product expansion. In section 8 the effects of c-number
contributions, depending on external fields and the metric in a curved space background,
to the trace of the energy momentum tensor are considered when d = 4. These corre-
spond to anomalies in the simple conformal Ward identities and reflect the existence of
singularities in the three point functions when all points are coincident. Using dimensional
regularisation the anomalous terms are considered for the three point function of the en-
ergy momentum tensor with two scalar fields with dimension η ≈ 2 and with two conserved
currents and for the three point function of the energy momentum tensor itself. In the
last case the coefficients in the general three point function are related to the coefficients
of the F and G terms in the trace of the energy momentum tensor on curved space. In
section 9 we show that in some cases an alternative form for three point functions involving
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vector currents and the energy momentum tensor, in which their conservation is manifest,
is possible. This is achieved by pulling out derivatives from the expression for the three
point function. In the final section 10 some general remarks about our results and possible
directions for future investigations are presented. In appendix A some formulae used in
the discussion of the energy momentum tensor three point function are collected.
2 Conformal Invariance for Two and Three Point Functions
Conformal transformations may be defined as coordinate transformations preserving
the infinitesimal euclidean length element up to a local scale factor,
xµ → x′µ(x) = (gx)µ , dx′µdx′µ = Ωg(x)−2dxµdxµ . (2.1)
For any such conformal transformation g we may define a local orthogonal transformation
by
Rgµα(x) = Ωg(x)
∂x′µ
∂xα
, Rgµα(x)Rgνα(x) = δµν , (2.2)
which in d dimensions is an element of O(d), Rg′(gx)Rg(x) = Rg′g(x), Rg(x)−1 =
Rg−1(gx).
Besides conventional constant rotations and translations forming the group O(d)⋉Td
x′µ = Rµνxν + aµ , RµαRνα = δµν , (2.3)
for which Ωg(x) = 1, there are also constant scale transformations forming the dilatation
group D
x′µ = λxµ , Ω
g(x) = λ−1 (2.4)
and special conformal transformations
x′µ =
xµ + bµx
2
Ωg(x)
, Ωg(x) = 1 + 2b·x+ b2x2 . (2.5)
The set of conformal transformations {g} defined by (2.1) forms the conformal group which
is isomorphic to O(d+ 1, 1). It is crucial to note for our subsequent calculations that the
full conformal group may be generated just by combining rotations and translations, as in
(2.3), with an inversion through the origin represented by the discrete element i, i2 = 1,
x′µ = (ix)µ =
xµ
x2
, Riµν(x) = Iµν(x) ≡ δµν − 2
xµxν
x2
, Ωi(x) = x2 . (2.6)
Inversions are not elements of the component of the conformal group connected to the
identity, since det I = −1, but special conformal transformations in (2.3) are formed by
considering an inversion, a translation and then another inversion.
For a quasi-primary quantum field O(x) of scale dimension η then a finite dimensional
representation under conformal transformations (2.1) is induced by a representation of the
little group
(
O(d)⊗D)⋉ Td [4] if O → T (g)O where(
T (g)O)i(x′) = Ωg(x)ηDij(Rg(x))Oj(x) , (2.7)
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with Rg(x) as given by (2.2). The index i here denotes the components in some rep-
resentation of the rotation group O(d) so that for Rµν any orthogonal rotation matrix
Dij(R) is the corresponding element in this representation acting on the fields Oi*. For
two such fields Oi11 (x1) and Oi22 (x2) of equal scale dimension, η1 = η2 = η, we may define
a conformally invariant two point function by
〈Oi11 (x1)Oi22 (x2)〉 =
1
(x 212)
η P
i1i2(x12) , x12 = x1 − x2 , (2.8)
if P i1i2(x) is required to satisfy
D i11 j1(R(x1))D i22 j2(R(x2))P j1j2(x12) = P i1i2(x′12) , P i1i2(λx) = P i1i2(x) , (2.9)
using x′ 212 = x
2
12/
(
Ωg(x1)Ω
g(x2)
)
. A solution of this condition is provided by
P i1i2(x12) = D
i1
1 j1(I(x12)) g
j1i2 , (2.10)
where gi1i2 is an invariant tensor for the representations D1 and D2, i.e.
D i11 j1(R)D
i2
2 j2(R)g
j1j2 = gi1i2 for all R . (2.11)
SinceD(R)D(I(x))D(R)−1 = D(I(Rx)) to verify that (2.10) satisfies (2.9) it is sufficient to
demonstrate that D(I(x1))D(I(x12))D(I(x2)) = D(I(x
′
12)) which follows from, by direct
calculation,
Iµα(x1)Iαβ(x12)Iβν(x2) = Iµν(x
′
12) , x
′
12 =
x1
x 21
− x2
x 22
. (2.12)
For fields of differing spins then of course there is no tensor gi1i2 satisfying (2.11) and the
two point function is zero.
The above results show that D(I(x12)) acts effectively as a parallel transport matrix
between x1 and x2 for local conformal rotations. This is crucial in constructing an analo-
gous formula for three point functions, adapting some results of Mack [10] in the context
of operator product expansions. Since conformal transformations map any three points
into any other three points the three point function is also essentially unique in general
dimension d. Our discussion for arbitrary representations for the fields O1,O2,O3 is based
on writing
〈Oi11 (x1)Oi22 (x2)Oi33 (x3)〉 =
1
(x 212)
δ12 (x 223)
δ23 (x 231)
δ31
×D i11 j1(I(x13))D i22 j2(I(x23)) tj1j2i3(X12) ,
(2.13)
where ti1i2i3(X) is a homogeneous tensor satisfying
D i11 j1(R)D
i2
2 j2(R)D
i3
3 j3(R) t
j1j2j3(X) = ti1i2i3(RX) for all R ,
ti1i2i3(λX) = λqti1i2i3(X)
(2.14)
* We assume that if Oi forms a representation of SO(d) it may be extended to O(d). In this
case D¯(R) ≡ D(I−1RI) ≃ D(R) if det I = −1. For some representations this is not possible but such
complications [9] are not important here.
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and
X12 = −X21 = x13
x 213
− x23
x 223
, X 212 =
x 212
x 213x
2
23
. (2.15)
By virtue of (2.13,14,15) the scaling properties of the fields are satisfied if
δ12 =
1
2
(η1 + η2 − η3 + q) ,
δ23 =
1
2 (η2 + η3 − η1 − q) ,
δ31 =
1
2
(η3 + η1 − η2 − q) .
(2.16)
By a rescaling ti1i2i3(X) → (X2)−pti1i2i3(X) then q → q − 2p so that given the form of
X 212 in (2.15) the expression (2.13) is unchanged. Clearly it is possible to set q = 0 or
q = 1 which is sometimes convenient later. The verification that (2.13) is in accord with
the required transformation properties of the fields, as given by (2.7), depends on (2.14)
together with the essential result that for an inversion
Iµν(x3)X12 ν =
1
x 23
X ′12µ , (2.17)
where X ′12 is formed from x
′
1, x
′
2, x
′
3 as in (2.15).
The expression (2.13) for the three point function is asymmetric in its treatment of
the external fields. Nevertheless this is only apparent. If we use
Iµα(x13)Iαν(x23) = Iµα(x12)Iαν(X13) , Iµα(x23)Iαν(x13) = Iµα(x21)Iαν(X23) , (2.18)
as well as
Iµα(x23)X12α =
x 212
x 213
X13µ , Iµα(x13)X12α =
x 212
x 223
X32µ , (2.19)
then we may show, by virtue of (2.14),
D i11 j1(I(x13))D
i2
2 j2(I(x23)) t
j1j2i3(X12)
=
(x 212
x 213
)q
D i11 j1(I(x12))D
i3
3 j3(I(x32)) t˜
j1i2j3(X13) ,
=
(x 212
x 223
)q
D i22 j2(I(x21))D
i3
3 j3(I(x31)) tˆ
i1j2j3(X32) ,
t˜ i1i2i3(X) = D i11 j1(I(X)) t
j1i2i3(X) , tˆ i1i2i3(X) = D i22 j2(I(X)) t
i1j2i3(X) .
(2.20)
Hence we may equivalently write an analogous representation for 〈Oi11 (x1)Oi22 (x2)Oi33 (x3)〉
to that given by (2.13) and (2.16) with on the r.h.s 2 ↔ 3 and tj1j2i3 → t˜ j1i2j3 or 1 ↔ 3
and tj1j2i3 → tˆ i1j2j3 . If the three point function is symmetric, for all fields O1,O2,O3
belonging to the same representation, then it is necessary that
ti2i1i3(X) = ti1i2i3(−X) , D i1j1(I(X)) tj1i2i3(X) = ti3i1i2(−X) . (2.21)
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We are here mostly interested in applying this formalism to cases involving vector fields
Vµ(x), of dimension d− 1, and the energy momentum tensor Tµν(x), which is symmetric
and traceless and of dimension d. These satisfy the conservation equations
∂µVµ = 0 , ∂µTµν = 0 . (2.22)
The two point functions, in accord with the general result in (2.8) and (2.10), are
〈Vµ(x)Vν(0)〉 = CV
x2(d−1)
Iµν(x) , 〈Tµν(x)Tσρ(0)〉 = CT
x2d
Iµν,σρ(x) ,
Iµν,σρ(x) = 12
(
Iµσ(x)Iνρ(x) + Iµρ(x)Iνσ(x)
)− 1
d
δµνδσρ .
(2.23)
CV , CT are constants determining the overall scale of these two point functions. Iµν,σρ
represents the inversion operator on symmetric traceless tensors. Corresponding to I(x)2 =
1 we have
Iµν,αβ(x) Iαβ,σρ(x) = 12
(
δµσδνρ + δµρδνσ
)− 1
d
δµνδσρ ≡ Eµν,σρ , (2.24)
with E representing the projection operator onto the space of symmetric traceless tensors.
It is easy to verify that (2.23) is consistent with the conservation equations (2.22) (see also
below).
For a three point function involving a vector field we may write from (2.13), for
η± = η2 ± η3,
〈Vµ(x1)Oi22 (x2)Oi33 (x3)〉 =
1
x
d−1+η−+q
12 x
η+−d+1−q
23 x
d−1−η−−q
31
× Iµν(x13)D i22 j2(I(x23)) tνj2i3(X12) .
(2.25)
To verify current conservation we may use
∂µ
( 1
(x2)λ
Iµν(x)
)
= 2(λ− d+ 1) xν
(x2)λ+1
,
∂1µ
( 1
(x 213)
λ (x 212)
d−1−λ
Iµν(x13)
)
= 2(λ− d+ 1) 1
(x 213)
λ+1 (x 212)
d−1−λ
X12 ν
X 212
,
∂1µX12 ν =
1
x 213
Iµν(x13) .
(2.26)
Hence current conservation in (2.25) requires
(
∂µ − (d− 1 + η− + q)Xµ
X2
)
tµ
i2i3(X) = 0 . (2.27)
It is easy to see that this is invariant under rescaling of tµ
i2i3(X) by some power of X2
with the appropriate change in q.
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For the energy momentum tensor we may also write
〈Tµν(x1)Oi22 (x2)Oi33 (x3)〉 =
1
x
d+η−+q
12 x
η+−d−q
23 x
d−η−−q
31
× Iµν,σρ(x13)D i22 j2(I(x23)) tσρj2i3(X12) .
(2.28)
In this case for determining the corresponding conservation equation
∂µ
( 1
(x2)λ
Iµν,σρ(x)
)
= 2(λ− d) xν
(x2)λ+1
(
1
2
(
xσIνρ(x) + xρIνσ(x)
)
+
1
d
xνδσρ
)
,
∂1µ
( 1
(x 213)
λ (x 212)
d−λ
Iµν,σρ(x13)
)
= 2(λ− d) 1
(x 213)
λ+1 (x 212)
d−λ
1
X 212
×
(
1
2
(
Iνρ(x13)X12σ + Iνσ(x13)X12 ρ
)− 1
d
Iνα(x13)X12α δσρ
)
.
(2.29)
Assuming tµν
i2i3 is symmetric and traceless with respect to µ, ν then it is easy to obtain
the condition (
∂µ − (d+ η− + q)Xµ
X2
)
tµν
i2i3(X) = 0 . (2.30)
For both (2.27) and (2.30) the solutions may be restricted to homogeneous polynomials in
X if q is a sufficiently large integer.
The construction described above is manifestly sufficient for forming conformally in-
variant three point functions. It is also necessary. To show this we assume the existence
of an operator product expansion where for x1 → x2 the contributions arising from the
leading singular term for each quasi-primary operator Oi appearing in the expansion are
of the form
Oi11 (x1)Oi22 (x2) ∼ Ai1i2i(x12)Oi(x2) . (2.31)
For conformal invariance, if Oi on the r.h.s. of (2.31) has dimension η and transforms as
in (2.7), we require
D i11 j1(R)D
i2
2 j2(R)A
j1j2
j(x)D
j
i(R) = A
i1i2
i(Rx) for all R ,
Ai1i2i(λx) = λ
η−η1−η2Ai1i2i(x) .
(2.32)
To use this result we consider the conformal transformation on the general three point
function arising from an inversion through the point z
x→ x′ = x− z
(x− z)2 . (2.33)
Using the transformation properties given by (2.6) and (2.7)
〈Oi11 (x1)Oi22 (x2)Oi33 (x3)〉
= x′ 2η11 x
′ 2η2
2 x
′ 2η3
3 D
i1
1 j1(I(x
′
1))D
i2
2 j2(I(x
′
2))D
i3
3 j3(I(x
′
3))〈Oj11 (x′1)Oj22 (x′2)Oj33 (x′3)〉 .
(2.34)
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Now, following similar arguments of Cardy [13], if we let z → x3 then x′13 ∼ x′23 ∼ −x′3
and hence |x′12| ≪ |x′13|, |x′23| so that we may use the operator product expansion (2.31).
Assuming that the operator Oi has a non zero two point function with Oi3 , and hence
η = η3, then applying the results (2.8,9,10) for the two point function to this case it is
easy to see that
〈Oj11 (x′1)Oj22 (x′2)Oj33 (x′3)〉 ∼ Aj1j2j(x′12) 〈Oj(x′2)Oj33 (x′3)〉 ,
〈Oj(x)Ok3 (0)〉 =
1
x2η3
D k3 j′(I(x))g
jj′ .
(2.35)
Inserting (2.35) in (2.34) and taking the limit, when x′1 → x13/x 213, x′2 → x23/x 223 and also
x′12 → X12 as defined by (2.15), gives finally
〈Oi11 (x1)Oi22 (x2)Oi33 (x3)〉 =
1
x 2η113 x
2η2
23
D i11 j1(I(x13))D
i2
2 j2(I(x23))A
j1j2
j(X12)g
ji3 ,
(2.36)
so that the whole three point function is determined by the leading singular operator
product coefficient. Comparing with (2.13) shows that the two expressions are equivalent
if
ti1i2i3(X) = (X2)
1
2
(η1+η2−η3+q)Ai1i2i(X)g
ii3 . (2.37)
By virtue of (2.32) ti1i2i3(X) satisfies the conditions required in (2.14). For a conserved
vector field Vµ or the energy momentum tensor Tµν it is not difficult to see that (2.27) and
(2.30) are the same as
∂µAµ
i
j(X) = 0 , ∂µAµν
i
j(X) = 0 , (2.38)
for the corresponding coefficients of the leading singular term in the operator product
expansion.
If the operator product expansion (2.31) is extended to general set of quasi-primary
operators, labelled by a, b, . . ., so that
Oia(x)Ojb(0) ∼ A ijab,c k(x)Okc (0) , A ijab,c k(x) = A jiba,c k(−x) = O(xηc−ηa−ηb) , (2.39)
and if the two point functions in this operator basis are diagonal,
〈Oia(x)Ojb(0)〉 =
1
x2ηa
D ia k(I(x))g
kj
a δab , (2.40)
then using (2.20) consistency of different short distance limits determining the three point
function requires
A ikac,b ℓ(x)g
ℓj
b = (x
2)ηb−ηcD ia ℓ(I(x))A
ℓj
ab,cm(x)g
mk
c . (2.41)
This condition is essentially equivalent to associativity of the operator product expansion
in this case*.
* For two vector currents and an axial current similar conditions were obtained by Crewther [25].
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3 Applications of General Formalism
We here apply the previous general results to various specific cases involving a scalar
field O of dimension η, the conserved vector current Vµ of dimension d− 1 and the energy
momentum tensor Tµν of dimension d.
For the three point function for energy momentum tensor and two scalar fields it is
easy to see that we may write
〈Tµν(x1)O(x2)O(x3)〉 = 1
x d12 x
2η−d
23 x
d
31
tµν(X23)
=
1
x d12 x
2η−d
23 x
d
31
Iµν,σρ(x13) tσρ(X12) ,
(3.1)
where we have taken tµν to be homogeneous of degree zero. It is easy to see that the
conditions for tracelessness and the conservation equation coincide to give
tµν(X) = a h
1
µν(Xˆ) , h
1
µν(Xˆ) = XˆµXˆν −
1
d
δµν , Xˆµ =
Xµ√
X2
. (3.2)
For two energy momentum tensors it is natural to write from (2.13)
〈Tµν(x1)Tσρ(x2)O(x3)〉 = 1
x 2d−η12 x
η
23 x
η
31
Iµν,αβ(x13)Iσρ,γδ(x23)tαβγδ(X12) , (3.3)
with tαβγδ(X) again homogeneous of degree zero. A general expansion consistent with the
required symmetries and tracelessness is given by
tαβγδ(X) = a h
1
αβ(Xˆ)h
1
γδ(Xˆ) + b h
2
αβγδ(Xˆ) + c h
3
αβγδ ,
h2µνσρ(Xˆ) = XˆµXˆσδνρ + (µ↔ ν, σ ↔ ρ)−
4
d
XˆµXˆνδσρ − 4
d
XˆσXˆρδµν +
4
d2
δµνδσρ ,
h3µνσρ = δµσδνρ + δµρδνσ −
2
d
δµνδσρ ,
(3.4)
where h1µν(Xˆ) is defined in (3.2). The conservation equation from (2.30) becomes
(
∂µ − (2d− η)Xµ
X2
)
tµνσρ(X) = 0 , (3.5)
which gives two linear relations between a, b, c
a+ 4b− 12 (d− η)(d− 1)(a+ 4b)− dη b = 0 ,
a+ 4b+ d(d− η)b+ d(2d− η)c = 0 . (3.6)
In consequence the conformal invariant form for the 〈TTO〉 three point function is unique
up to an overall constant.
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For vector currents we write
〈V aµ (x1)V bν (x2)V cω (x3)〉 =
fabc
x d12 x
d−2
23 x
d−2
31
Iµα(x13)Iνβ(x23)tαβω(X12) , (3.7)
where a, b, c are to be regarded here as group indices with fabc a corresponding totally
antisymmetric structure constant and we have set q = 1. From (2.21) and (2.27) we
require
Iµα(X)tανω(X) = −tωµν(X) , tµνω(X) = tνµω(X) ,(
∂µ − d Xµ
X2
)
tµνω(X) = 0 .
(3.8)
It is easy to see that the general solution is
tµνω(X) = a
XµXνXω
X2
+ b
(
Xµδνω +Xνδµω −Xωδµν
)
, (3.9)
for independent constants a, b. By using results such as (2.18,19) the 〈V V V 〉 three point
function may then be expressed more symmetrically as
〈V aµ (x1)V bν (x2)V cω (x3)〉 =
fabc
x d−212 x
d−2
23 x
d−2
31
{
(a− 2b)X23µX31 ν X12ω
− b
( 1
x 223
X23µIνω(x23) +
1
x 213
X31 νIµω(x13) +
1
x 212
X12ωIµν(x12)
)}
,
(3.10)
which is in accord with previous results found over twenty years ago [7].
For the three point function involving two vector currents and the energy momentum
tensor we may write
〈Tµν(x1)V aσ (x2)V bρ (x3)〉 =
δab
x d12 x
d
13 x
d−2
23
Iσα(x21)Iρβ(x31)tµναβ(X23)
=
δab
x d12 x
d
13 x
d−2
23
Iµν,γδ(x13)Iσα(x23)t˜γδαρ(X12) ,
t˜µνσρ(X) = Iσα(X)tµναρ(X) , tµνσρ = tµνρσ = tνµσρ , tµµσρ = 0 ,
(3.11)
with tµνσρ(X) homogeneous of degree zero in X . The conservation equations for the vector
currents and the energy momentum tensor require
(
∂σ − (d− 2)Xσ
X2
)
tµνσρ(X) = 0 ,(
∂µ − d Xµ
X2
)
t˜µνσρ(X) = 0 ,
(
∂σ − d Xσ
X2
)
t˜µνσρ(X) = 0 ,
(3.12)
where the second equation for t˜ follows from that for t given its definition in (3.11). A
general expression for tµνσρ(X) satisfying the constraints in (3.11), with the definitions in
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(3.2) and (3.4), and the corresponding form for t˜µνσρ(X) are given by
tµνσρ(X) = a h
1
µν(Xˆ)δσρ + b h
1
µν(Xˆ)h
1
σρ(Xˆ) + c h
2
µνσρ(Xˆ) + e h
3
µνσρ ,
t˜µνσρ(X) =
1
d2
(
d(d− 2)a− 2(d− 1)(b+ 4c)− 4de)h1µν(Xˆ)δσρ
− 1
d
(
2da+ (d− 2)(b+ 4c))h1µν(Xˆ)h1σρ(Xˆ)
+ e
(
h3µνσρ − h2µνσρ(Xˆ)
)− (e+ c)h˜µνσρ(Xˆ) ,
h˜µνσρ(Xˆ) = XˆµXˆσδνρ + XˆνXˆσδµρ − XˆµXˆρδνσ − XˆνXˆρδµσ .
(3.13)
Using results such as (A.2) and (A.4) (3.12) gives the relations
da− 2b+ 2(d− 2)c = 0 , b− d(d− 2)e = 0 . (3.14)
Hence a, b may be found in terms of c, e and there are two linearly independent amplitudes
in this case.
With the experience gained in the above simpler cases we may now turn to consider
the three point function for three energy momentum tensors which is the main aim of this
paper. According to the general formalism we may write
〈Tµν(x1)Tσρ(x2)Tαβ(x3)〉 = 1
x d12 x
d
13 x
d
23
Iµν,µ′ν′(x13)Iσρ,σ′ρ′(x23) tµ′ν′σ′ρ′αβ(X12) ,
(3.15)
with tµνσραβ(X) homogeneous of degree zero in X , symmetric and traceless on each pair
of indices µν, σρ and αβ and from (2.21) satisfying
tµνσραβ(X) = tσρµναβ(X) . (3.16a)
Iµν,µ′ν′(X)tµ′ν′σραβ(X) = tαβµνσρ(X) , (3.16b)
The conservation equations require just
(
∂µ − d Xµ
X2
)
tµνσραβ(X) = 0 . (3.17)
Defining
h4µνσραβ(Xˆ) = h
3
µνσαXˆρXˆβ + (σ ↔ ρ, α↔ β)
− 2
d
δσρh
2
µναβ(Xˆ)−
2
d
δαβh
2
µνσρ(Xˆ)−
8
d2
δσρδαβh
1
µν(Xˆ) ,
h5µνσραβ = δµσδναδρβ + (µ↔ ν, σ ↔ ρ, α↔ β)
− 4
d
δµνh
3
σραβ −
4
d
δσρh
3
µναβ −
4
d
δαβh
3
µνσρ −
8
d2
δµνδσρδαβ ,
(3.18)
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a general expansion for tµνσραβ(X) compatible with (3.16a) has the form
tµνσραβ(X) = a h
5
µνσραβ + b h
4
αβµνσρ(Xˆ) + b
′
(
h4µνσραβ(Xˆ) + h
4
σρµναβ(Xˆ)
)
+ c h3µνσρh
1
αβ(Xˆ) + c
′
(
h3σραβh
1
µν(Xˆ) + h
3
µναβh
1
σρ(Xˆ)
)
+ e h2µνσρ(Xˆ)h
1
αβ(Xˆ) + e
′
(
h2σραβ(Xˆ)h
1
µν(Xˆ) + h
2
µναβ(Xˆ)h
1
σρ(Xˆ)
)
+ f h1µν(Xˆ)h
1
σρ(Xˆ)h
1
αβ(Xˆ) .
(3.19)
In this case it is necessary to be more systematic in solving (3.16b) and (3.17). From the
results in (A.1) (3.16b) gives
b+ b′ = −2a , c′ = c , e+ e′ = −4b′ − 2c , (3.20)
so that a, b, c, e, f may be regarded as independent. Then using (A.2) imposition of (3.17)
gives in addition
d2a+ 2(b+ b′)− (d− 2)b′ − dc+ e′ = 0 ,
d(d+ 2)(2b′ + c) + 4(e+ e′) + f = 0 .
(3.21)
Hence there remain three undetermined coefficients which may be taken as a, b, c (f =
(d+4)(d− 2)(4a+2b− c), e′ = −(d+4)(d− 2)a− (d− 2)b+ dc, e = (d+2)(da+ b− c)).
4 Collinear Frame
The form of the conformally invariant three point function simplifies considerably if
the three points are constrained to lie on a straight line. In this configuration the invariance
group is restricted to O(d− 1) rotations in the perpendicular plane, scale transformations
and also translations and special conformal transformations, as in (2.5), along the line.
The latter allow any three points to be mapped to any other three points preserving cyclic
order. With these constraints it is not difficult to see in general that, for nµ a unit vector,
〈Oi1(x)Oi2(y)Oi3(z)〉∣∣
xµ=xˆnµ,yν=yˆnν ,zω=zˆnω
=
1
(xˆ− yˆ)η1+η2−η3 (xˆ− zˆ)η1+η3−η2 (yˆ − zˆ)η2+η3−η2 A
i1i2i3 ,
(4.1)
where Ai1i2i3 is a constant O(d − 1) invariant tensor and we suppose xˆ > yˆ > zˆ. An
alternative construction of conformally invariant three point functions is then to analyse
the constraints in a collinear frame where the form is particularly simple and then to obtain
the results for a general configuration by conformal transformation. The calculations are
very straightforward except that in order to impose conservation equations, such as (2.22)
it is necessary to consider an infinitesimal conformal transformation away from the collinear
configuration. We illustrate this procedure for some of the cases considered in the previous
section here since it is useful to consider the collinear form in making the connection with
specific conformally invariant models later.
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The first non trivial case to consider is that for 〈TTO〉 where for xµ = (xˆ, 0), yν =
(yˆ, 0), zω = (zˆ, 0) we may write
〈Tµν(x)Tσρ(y)O(z)〉 ≡ TTTOµνσρ (x, y, z) =
1
(xˆ− yˆ)2d−η (xˆ− zˆ)η (yˆ − zˆ)η A
TTO
µνσρ ,
ATTOµνσρ = ATTOσρµν = ATTOνµσρ .
(4.2)
ATTO may be decomposed as
ATTO1111 = α , ATTOij11 = β δij , ATTOi1k1 = γ δik,
ATTOijkℓ = δ δijδkℓ + ǫ(δikδjℓ + δiℓδjk) ,
(4.3)
where i, j . . . denote components orthogonal to the 1 direction. It is easy to see that the
tracelessness condition ATTOµµσρ = 0 requires
α+ (d− 1)β = 0 , β + (d− 1)δ + 2ǫ = 0 . (4.4)
We now consider an infinitesimal conformal transformation xµ → xµ + δxµ,
δxi = ξi
(
(yˆ + zˆ)x1 − x2 − yˆzˆ
)
+ 2xi ξjxj ,
δx1 = − ξixi
(
yˆ + zˆ − 2x1
)
,
(4.5)
such that
(yˆ, 0)→ (yˆ, 0) , (zˆ, 0)→ (zˆ, 0) , (xˆ, 0)→ (xˆ, δx) , δx = (xˆ− yˆ)(xˆ− zˆ)ξ . (4.6)
In this case from (2.2)
Rµν(x) ≈
(
1 −ξj(yˆ + zˆ − 2x1)
ξi(yˆ + zˆ − 2x1) δij
)
, Ω(x) ≈ 1− 2ξixi . (4.7)
Using this transformation, with x′µ = (xˆ, δx) and evaluating Rµν(x) at (xˆ, 0) and (yˆ, 0),
it is straightforward to find to first order in δx
TTTOi111 (x
′, y, z) =
( 1
xˆ− yˆ +
1
xˆ− zˆ
)(
δxiT
TTO
1111 (x, y, z)− δxjTTTOij11 (x, y, z)
)
−
( 1
xˆ− yˆ −
1
xˆ− zˆ
)(
δxkT
TTO
i1k1 (x, y, z) + δxℓT
TTO
i11ℓ (x, y, z)
)
,
TTTOi1kℓ (x
′, y, z) =
( 1
xˆ− yˆ +
1
xˆ− zˆ
)(
δxiT
TTO
11kℓ (x, y, z)− δxjTTTOijkℓ (x, y, z)
)
+
( 1
xˆ− yˆ −
1
xˆ− zˆ
)(
δxkT
TTO
i11ℓ (x, y, z) + δxℓT
TTO
i1k1 (x, y, z)
)
,
TTTOijk1 (x
′, y, z) =
( 1
xˆ− yˆ +
1
xˆ− zˆ
)(
δxiT
TTO
1jk1 (x, y, z) + δxjT
TTO
ijkℓ (x, y, z)
)
+
( 1
xˆ− yˆ −
1
xˆ− zˆ
)(
δxkT
TTO
ij11 (x, y, z)− δxℓTTTOi1k1 (x, y, z)
)
.
(4.8)
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Hence we may now impose current conservation, ∂iTi1+∂1T11 = 0 and also ∂iTij+∂1T1j =
0, to give in addition to (4.4)
2γ = (d− η)β , β − δ − dǫ = (d− η)γ . (4.9)
With four independent relations given by (4.4) and (4.9) there is just one possible conformal
invariant form up to an overall constant. It is easy to relate this approach to our previous
results. From (3.4) in the collinear frame then Aµνσρ in (4.2) becomes
ATTOµνσρ = a h1µν(Xˆ)h1σρ(Xˆ) + b h2µνσρ(Xˆ) + c h3µνσρ , (4.10)
where h1, h2, h3 may be decomposed as in (4.3), with now Xˆµ = (1, 0), to give
γ = b+ c d2 δ = a+ 4b− 2d c , ǫ = c , (4.11)
with α, β determined by (4.4). The relations (4.9) are then equivalent to (3.6).
In a similar fashion we may discuss the 〈TV V 〉 three point function which may be
written in the collinear frame as
〈Tµν(x)V aσ (y)V bρ (z)〉 = δabTTV Vµνσρ (x, y, z) =
δab
(xˆ− yˆ)d (xˆ− zˆ)d (yˆ − zˆ)d−2 A
TV V
µνσρ ,
ATV Vµνσρ = ATV Vµνρσ = ATV Vνµσρ ,
(4.12)
where
ATV V1111 = α , ATV Vij11 = β δij , ATV V11kℓ = γ δkℓ , ATV Vi1k1 = δ δik ,
ATV Vijkℓ = ρ δijδkℓ + τ(δikδjℓ + δiℓδjk) .
(4.13)
The tracelessness conditions are
α+ (d− 1)β = 0 , γ + (d− 1)ρ+ 2τ = 0 . (4.14)
As before we may impose the conservation equation ∂µTµν = 0 by considering an infinitesi-
mal conformal transformation so that x→ x′ which is no longer on the straight line defined
by y and z
TTV Vi111 (x
′, y, z) =
( 1
xˆ− yˆ +
1
xˆ− zˆ
)(
δxiT
TV V
1111 (x, y, z)− δxjTTV Vij11 (x, y, z)
)
−
( 1
xˆ− yˆ −
1
xˆ− zˆ
)(
δxkT
TV V
i1k1 (x, y, z)− δxℓTTV Vi11ℓ (x, y, z)
)
,
TTV Vi1kℓ (x
′, y, z) =
( 1
xˆ− yˆ +
1
xˆ− zˆ
)(
δxiT
TV V
11kℓ (x, y, z)− δxjTTV Vijkℓ (x, y, z)
)
+
( 1
xˆ− yˆ −
1
xˆ− zˆ
)(
δxkT
TV V
i11ℓ (x, y, z)− δxℓTTV Vi1k1 (x, y, z)
)
,
TTV Vijk1 (x
′, y, z) =
( 1
xˆ− yˆ +
1
xˆ− zˆ
)(
δxiT
TV V
1jk1 (x, y, z) + δxjT
TV V
ijkℓ (x, y, z)
)
+
( 1
xˆ− yˆ −
1
xˆ− zˆ
)(
δxkT
TV V
ij11 (x, y, z) + δxℓT
TV V
i1k1 (x, y, z)
)
.
(4.15)
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It is then easy to obtain the additional equation to (4.14)
β + ρ+ dτ = 0 . (4.16)
To impose ∂σVσ = 0 we may shift y → y′ and then find
β + γ − 2δ = 0 . (4.17)
With four relations amongst six variables it is clear that there are two linearly independent
conformal invariant expressions in this case which may be specified by ρ, τ . To see the
connection with our earlier treatment we may use (3.13) to find in the collinear frame
ATV Vµνσρ = a h1µν(Xˆ)δσρ+(b+8c+8e) h1µν(Xˆ)h1σρ(Xˆ)− (c+2e) h2µνσρ(Xˆ)+ e h3µνσρ , (4.18)
for Xˆµ = (1, 0). Comparing with (4.13) we find
β = − 1
d
(a+ 2e)− 1
d2
(d− 1)(b+ 4c) , δ = −b − e ,
ρ = − 1
d
(a+ 2e) +
1
d2
(b+ 4c) , τ = e ,
(4.19)
with α, γ given by (4.14). It is easy to see then that the constraints (4.16,17) are equivalent
to (3.14) (note that ρ, τ or c = 12d(ρ+τ), e = τ may be regarded as independent variables).
Finally in this section we consider again the three point function for the energy mo-
mentum tensor. In the collinear frame as above we may write
〈Tµν(x)Tσρ(y)Tαβ(z)〉 = 1
(xˆ− yˆ)d (xˆ− zˆ)d (yˆ − zˆ)d A
TTT
µνσραβ ,
ATTTµνσραβ = ATTTσρµναβ = ATTTαβµνσρ ,
(4.20)
with ATTTµνσραβ also symmetric and traceless on each pair of indices µν, σρ and αβ. This
may therefore be decomposed as
ATTT111111 = α , ATTTij1111 = β δij , ATTTi1k11 = γ δik ,
ATTTijkℓ11 = δ δijδkℓ + ǫ(δikδjℓ + δiℓδjk) , ATTTijk1m1 = ρ δijδkℓ + τ(δikδjℓ + δiℓδjk) ,
ATTTijkℓmn = r δijδkℓδmn
+s
(
δij(δkmδℓn + δknδℓm) + δkl(δimδjn + δinδjm) + δmn(δikδjℓ + δiℓδjk)
)
+t(δikδjmδℓn + δjkδimδℓn + δiℓδjmδkn + δjℓδimδkn
+ δikδjnδℓm + δjkδinδℓm + δiℓδjnδkm + δjℓδinδkm) , (4.21)
where tracelessness requires
α+ (d− 1)β = 0 , β + (d− 1)δ + 2ǫ = 0 , γ + (d− 1)ρ+ 2τ = 0 ,
δ + (d− 1)r + 4s = 0 , ǫ+ (d− 1)s+ 4t = 0 . (4.22)
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Following similar arguments to the above the requirements following from the conservation
equation imply two further relations so that there are three linearly independent coeffi-
cients which may be taken as r, s, t. In addition to (4.22) the conservation equations then
determine ρ, τ by
2τ + dr + (d+ 4)s+ 2t = 0 ,
2ρ− dr + (d− 2)s+ 2(d+ 4)t = 0 . (4.23)
To compare with our previous results we may use (3.15) and (3.19) to obtain in the collinear
frame the explicitly symmetric form
ATTTµνσραβ = a h5µνσραβ + b
(
h4αβµνσρ(Xˆ) + h
4
µνσραβ(Xˆ) + h
4
σρµναβ(Xˆ)
)
+ c
(
h3µνσρh
1
αβ(Xˆ) + h
3
σραβh
1
µν(Xˆ) + h
3
µναβh
1
σρ(Xˆ)
)
+ (e− 8a− 8b)(h2µνσρ(Xˆ)h1αβ(Xˆ) + h2σραβ(Xˆ)h1µν(Xˆ) + h2µναβ(Xˆ)h1σρ(Xˆ))
+ (f + 128a+ 96b− 16c− 16e) h1µν(Xˆ)h1σρ(Xˆ)h1αβ(Xˆ) , (4.24)
after using (A.1) and (3.20). Comparing this with (4.21) we find
dρ = 4a+ 2b− c− e , τ = a+ b ,
d3r = 16(d− 2)a− 24b+ 6dc+ 16c+ 4e− f , ds = −4a − c , t = a . (4.25)
It is then straightforward to check that (4.23) is equivalent to (3.21) with (3.20) (note
d2r = 16a− 2db+ (d+ 4)c).
Although our discussion is concerned with general dimensions d it is important to
recognise that d = 2, 3 are special cases. When d = 2 there is only one transverse dimension.
Hence in (4.3) only δ+2ǫ has any significance, similarly in (4.13) for ρ+2τ while in (4.21)
the relevant quantities are δ + 2ǫ, ρ + 2τ and r + 6s + 8t. These restrictions reduce the
number of conformal invariant forms to one for both the 〈TV V 〉 and 〈TTT 〉 three point
functions. Less obviously when d = 3 then in (4.21) ATTTijkℓmn depends only on r − 4t
and s + 2t, rather than r, s, t being independent variables. Consequently the number of
conformal invariants for 〈TTT 〉 when d = 3 is just two.
5 Free Field Theories
For general dimension d the only completely explicit conformal field theories are those
provided by free scalar or free fermion fields. In the scalar case we may write
Tµν = ∂µφ∂νφ− 14
1
d− 1
(
(d− 2)∂µ∂ν + δµν∂2
)
φ2 ,
V aµ = φt
a
φ∂µφ , (t
a
φ)
T = −taφ , [taφ, tbφ] = fabctcφ .
(5.1)
In the fermion case
Tµν =
1
2
ψ¯(γµ
↔
∂ν + γν
↔
∂µ)ψ ,
↔
∂µ =
1
2
(∂µ −←−∂µ) ,
V aµ = ψ¯t
a
ψγµψ , (t
a
ψ)
† = −taψ , [taψ, tbψ] = fabctcψ ,
(5.2)
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for (γµ)
† = γµ euclidean gamma matrices, {γµ, γν} = 2δµν . The basic two point functions
for the massless scalar, fermion fields are
〈φ(x)φ(0)〉 = 1
(d− 2)Sd
1
xd−2
, 〈ψ(x)ψ¯(0)〉 = 1
Sd
γ·x
xd
, (5.3)
for Sd = 2π
1
2
d/Γ( 12d).
It is easy to use these results to determine the form of the two point functions of V aµ
and Tµν which are compatible with (2.23) or
〈V aµ (x)V bν (0)〉 = δab
CV
x2(d−1)
Iµν(x) . (5.4)
In the scalar case, if φ has nφ components and tr (t
a
φt
b
φ) = −Nφδab, then
CV =
Nφ
d− 2
1
S 2d
, CT = nφ
d
d− 1
1
S 2d
, (5.5)
while in the fermion case, if there are nψ Dirac fields and tr (t
a
ψt
b
ψ) = −Nψδab, then
CV = Nψ 2
1
2
d 1
S 2d
, CT = nψ
1
2d 2
1
2
d 1
S 2d
. (5.6)
For determining three point functions it is considerably easier to evaluate them in
the collinear frame where, as discussed in the previous section, the functional form is very
much simpler than in the general case. Thus for the vector currents, if x, y, z lie on the 1
axis with x1 = xˆ, y1 = yˆ, z1 = zˆ as earlier, then from (3.7) and (3.9)
〈V aµ (x)V bν (y)V cω (z)〉 =
fabc
(xˆ− yˆ)d−1 (xˆ− zˆ)d−1 (yˆ − zˆ)d−1 A
V V V
µνω ,
AV V Vµνω = Iµα(Xˆ)Iνβ(Xˆ)tαβω(Xˆ)
= (a+ 4b)XˆµXˆνXˆω − b(Xˆµδνω + Xˆνδµω + Xˆωδµν) ,
Xˆµ = (1, 0) , AV V V111 = a+ b , AV V Vij1 = −b δij .
(5.7)
Hence we may determine a, b and then obtain the general expression for 〈V V V 〉 from (3.7)
and (3.9). For the scalar case
S 3d a =
1
2Nφ
d
d− 2 , S
3
d b =
1
2Nφ
1
d− 2 , (5.8)
while in the fermion case
a = 0 , S 3d b = Nψ 2
1
2
d . (5.9)
For the determination of 〈TV V 〉 for free scalar or fermion fields we again follow the
prescription of restricting calculations of the three point function for these theories to the
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collinear configuration. It is sufficient to calculate only 〈TijVkVℓ〉, involving only compo-
nents orthogonal to the 1 axis on which x, y, z lie, although results for components along
the 1 direction provide a useful check through the general relations derived in the previous
section. For the scalar case in the notation of (4.13) or (3.13)
τ = e =
d
2(d− 1)(d− 2) Nφ
1
S 3d
, ρ =
d− 4
2(d− 1)(d− 2) Nφ
1
S 3d
, c =
d
2(d− 1) Nφ
1
S 3d
.
(5.10)
In the fermion case we find
τ = e = 0 , ρ = 2
1
2
dNψ
1
S 3d
, c = 12d 2
1
2
dNψ
1
S 3d
. (5.11)
For the 〈TTT 〉 three point function we may follow similar procedures with rather
more labour, especially in the scalar case. It is convenient to calculate also 〈Tφ2φ2〉 and
also 〈TTφ2〉, where φ2 is a scalar operator of dimension d− 2, and check that these are of
the required form for conformal invariance such as prescribed by (4.2,3,4) and (4.9) in the
latter case. The results for scalar fields, given the form (5.1) for Tµν , are
r = nφ
1
8
1
(d− 1)3 (d
3 + 28d− 16) 1
S 3d
, s = nφ
1
8
d
(d− 1)3 (d
2 − 8d+ 4) 1
S 3d
,
t = a = nφ
1
8
d3
(d− 1)3
1
S 3d
, b = −nφ 1
8
d4
(d− 1)3
1
S 3d
, c = −nφ 1
8
d2(d− 2)2
(d− 1)3
1
S 3d
.
(5.12)
For fermion fields we obtain
r = −nψ 1
2
2
1
2
d 1
S 3d
, s = nψ
1
8
d 2
1
2
d 1
S 3d
, t = a = 0 , 2b = c = −nψ 1
8
d2 2
1
2
d 1
S 3d
.
(5.13)
For d = 4 there is an additional conformal field theory described in terms of free
abelian vector fields. The energy momentum tensor is
Tµν = FµλFνλ − 14 δµνFαβFαβ + sXµν , (5.14)
where s is the nilpotent BRS operator, s2 = 0, and Xµν contains all contributions depend-
ing on the gauge fixing term and ghost fields. This term does not contribute for correlation
functions involving gauge invariant operators and physical states and for our purposes can
be neglected. The basic two point function is then
〈Fµν(x)Fσρ(0)〉 = 2
S4
1
x4
(
Iµσ(x)Iνρ(x)− Iµρ(x)Iνσ(x)
)
. (5.15)
For the energy momentum tensor two point function, comparing with (2.23), we obtain
CT = 16
1
S 24
. (5.16)
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For the three point function (note that 〈TTO〉 = 0 for O = 14FαβFαβ) the results are
r = −48 1
S 34
, s = 32
1
S 34
, t = a = −16 1
S 34
, b = 0 , c = −64 1
S 34
. (5.17)
It is not difficult to see that the solutions provided by (5.12,13), for d = 4, and (5.17) are
linearly independent thereby realising the full range of possibilities for 〈TTT 〉 in this case.
Calculations for three point functions of the energy momentum tensor and vector
currents were also undertaken by Stanev [26] for massless free scalar, fermion and vector
fields in four dimensions. Due to the complexity of the resulting formulae it is difficult to
compare results in detail but we agree on the number of independent amplitudes.
6 Ward Identities and Short Distance Expansions
To derive Ward identities relating two and three point functions we assume that we
may define a functional W (g, A, J) depending on a background metric gµν and gauge field
Aaµ and a scalar source J such that the energy momentum tensor Tµν , vector current V
aµ
and scalar operator O may be defined through functional derivatives by
〈Tµν(x)〉 = − 2√
g(x)
δ
δgµν(x)
W ,
〈V aµ(x)〉 = − 1√
g(x)
δ
δAaµ(x)
W , 〈O(x)〉 = − 1√
g(x)
δ
δJ(x)
W .
(6.1)
Assuming W is a scalar and invariant under diffeomorphisms requires∫
ddx
(
−(∇µvν +∇νvµ) δ
δgµν
+ (vν∂νA
a
µ + ∂µv
νAaν)
δ
δAaµ
+ vµ∂µJ
δ
δJ
)
W = 0 , (6.2)
for arbitrary vµ(x). Under local scale variations of the metric we require for arbitrary σ(x)∫
ddxσ
(
2gµν
δ
δgµν
+ (d− η)J δ
δJ
)
W = 0 , (6.3)
since J has dimension d−η. In general this identity has anomalies reflecting the introduc-
tion of a mass scale in quantum field theories through renormalisation. In conformal field
theories where the β functions vanish these anomalous effects are restricted to additional
local terms in (6.3) involving scalars constructed from gµν , A
a
µ and J of the appropriate
dimension. The relevant terms for d = 4 will be considered later. In addition we assume
invariance under local gauge transformations which implies∫
ddx
(
∂µΛ
a + fabcAbµΛ
c)
δ
δAaµ
W = 0 , (6.4)
where for simplicity we suppose that O is a singlet under the gauge group. (6.2,3) and
(6.4) are equivalent to
∇µ〈Tµν〉+∇νAaµ 〈V aµ〉+∇µ
(
Aaν 〈V aµ〉
)
+ ∂νJ 〈O〉 = 0 ,
gµν〈Tµν〉+ (d− η)J〈O〉 = 0 , ∇µ〈V aµ〉+ fabcAbµ〈V cµ〉 = 0 .
(6.5)
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The Ward identities that we use are then obtained by functional differentiation of (6.5)
and restricting to flat space and also Aaµ and J to be zero. The completely symmetric
three point function of the energy momentum tensor is therefore defined by
〈Tµν(x)Tσρ(y)Tαβ(z)〉 = −8 δ
δgαβ(z)
δ
δgσρ(y)
δ
δgµν(x)
W
∣∣∣
gµν=Aaµ=J=0
= − 8 δ
δgαβ(z)
1√
g(y)
δ
δgσρ(y)
1√
g(x)
δ
δgµν(x)
W
∣∣∣
gµν=Aaµ=J=0
(6.6)
+ gαβ(z)
(
δd(z − y) + δd(z − x))〈Tµν(x)Tσρ(y)〉+ gσρ(y)δd(y − x)〈Tµν(x)Tαβ(z)〉 ,
and similarly for other cases.
Firstly we consider the purely vector identity
∂µ〈V aµ (x)V bν (y)V cω(z)〉 = fabd δd(x−y) 〈V dν (x)V cω (z)〉−facd δd(x−z) 〈V dω (x)V bν (y)〉 . (6.7)
From the result (3.7) we may easily find
〈V aµ (x)V bν (y)V cω(z)〉 =
fabc
sd−2 (x− z)d−2(y − z)d Iνσ(s)Iωρ(x− z) Iσβ(X)tµβρ(X) , (6.8)
where
sµ = xµ − yµ , Xµ = sµ
s2
− (x− z)µ
(x− z)2 . (6.9)
Hence we may easily find the short distance limit
〈V aµ (x)V bν (y)V cω(z)〉 ∼ fabc
1
sd
tµνρ(s)
Iρω(y − z)
(y − z)2(d−1) as x→ y . (6.10)
Using the explicit form of tµνρ(s), as given by (3.9) and obtained by solving (3.8), we now
find taking care over the differentiation of singular functions of x
∂µ
( 1
sd
tµνρ(s)
)
=
(1
d
a+ b
)
δνρ Sdδ
d(s) , Sd =
2π
1
2
d
Γ( 12d)
. (6.11)
Hence the short distance singular term for s = x − y → 0 in the representation (6.8) is
responsible for the first term on the right hand side of the Ward identity (6.7) (the other
term of course arises from the singularities as x→ z) if
Sd
(1
d
a+ b
)
= CV , (6.12)
given the expression (5.4) for the two point amplitude. We may trivially see that this is
compatible with the results of calculations in (5.5) and (5.8,9).
For three point functions containing the energy momentum tensor we begin with that
involving the scalar fields of dimension η. This has been discussed before [13] but is
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considered again here as a simple warm up exercise. From (6.5) it is easy to derive the
identities
∂µ〈Tµν(x)O(y)O(z)〉 = ∂νδd(x− y) 〈O(x)O(z)〉+ ∂νδd(x− z) 〈O(x)O(y)〉 , (6.13a)
〈Tµµ(x)O(y)O(z)〉 = (d− η)
(
δd(x− y) 〈O(x)O(z)〉+ δd(x− z) 〈O(x)O(y)〉) .(6.13b)
From (3.1) and (3.2), with s,X as in (6.9), the short distance limit is
〈Tµν(x)O(y)O(z)〉 = 1
sd (x− z)d (y − z)2η−d tµν(X)
∼ Aµν(s) N
(y − z)2η +Bµνλ(s)
∂
∂yλ
N
(y − z)2η as x→ y ,
Aµν(s)N =
1
sd
tµν(s) =
a
sd
(sµsν
s2
− 1
d
δµν
)
, Bµνλ(s) =
1
η
(
1
2s
2∂λAµν(s) + dsλAµν(s)
)
,
Bµνλ(s)N =
a
2ηsd
(
sµδνλ + sνδµλ − sλδµν + (d− 2)sµsνsλ
s2
)
, (6.14)
where the coefficient N is defined by the scale of the two point function
〈O(x)O(z)〉 = N
(x− z)2η . (6.15)
The result (6.14) for s→ 0 is then equivalent to the operator product expansion
Tµν(x)O(y) ∼ Aµν(s)O(y) +Bµνλ(s) ∂λO(y) . (6.16)
Since the leading singular coefficient Aµν(s) = O(s
−d) it is not well defined as a
distribution on Rd and requires a regularisation prescription to ensure an unambiguous
evaluation of δ-function contributions to ∂µAµν(s) and Aµµ(s) and verify the identities
(6.13a,b). It is convenient here to adopt the methods of differential regularisation [24] and
write a regularised expression, identical with Aµν(s) for s 6= 0, as
Aˆµν(s) =
a
Nd
( 1
d− 2 ∂µ∂ν
1
sd−2
+ C δµν Sdδ
d(s)
)
. (6.17)
Expressing Aˆµν(s) in terms of derivatives acting on 1/s
d−2 then enables integration over
smooth test functions on Rd to be defined by integration by parts. The term containing
the arbitrary coefficient C is a reflection of the freedom in any regularisation of Aµν(s).
Given the form (6.17) we then calculate, using standard results such as −∂21/sd−2 =
(d− 2)Sdδd(s),
∂µAˆµν(s) =
a
Nd
(C − 1)Sd ∂νδ(s) , Aˆµµ(s) = a
Nd
(dC − 1)Sdδd(s) . (6.18)
On the other hand Bµνλ(s) = O(s
−d+1) does not require any such regularisation as in
(6.17) and unambiguously we find, either directly or from ∂µAˆµν(s),
∂µBµνλ(s) =
a
Nηd
(d− 1) δνλ Sdδd(s) , Bµµλ(s) = 0 . (6.19)
22
Compatibility with the identities (6.13a,b), using (6.18) and (6.19) in (6.14) with the
replacement Aµν(s)→ Aˆµν(s), then requires
Sd(C − 1) a = dN , Sd(dC − 1) a = d(d− η)N , Sd(d− 1) a = −dηN , (6.20)
which consistently determine a, C giving ηC = −(d− 1− η).
The next case to consider involves the 〈TV V 〉 three point function for which (6.5)
leads to the identities
∂µ〈Tµν(x)V aσ(y)V bρ(z)〉
= ∂νδ
d(x− y) 〈V aσ(x)V bρ(z)〉 − ∂µ
(
δd(x− y)δνσ〈V aµ(x)V bρ(z)〉
)
+ ∂νδ
d(x− z) 〈V aσ(y)V bρ(x)〉 − ∂µ
(
δd(x− z)δνρ〈V aσ(y)V bµ(x)〉
)
,
〈Tµµ(x)V aσ(y)V bρ(z)〉 = 0 , ∂yσ〈Tµν(x)V aσ(y)V bρ(z)〉 = 0 .
(6.21)
From (3.11), with notation as in (6.9) and neglecting group indices which are unimportant
in this context, we find for the leading term in the short distance limit s = x− y → 0
〈Tµν(x)Vσ(y)Vρ(z)〉 = 1
sd
Iσα(s) tµναβ(X)
Iβρ(x− z)
(x− z)d(y − z)d−2
∼ Aµνσβ(s)CV Iβρ(y − z)
(y − z)2d−2 , Aµνσρ(s)CV =
1
sd
t˜µνσρ(s) .
(6.22)
In order to be in accord with (6.21) it is necessary to require that Aµνσρ(s) → Aˆµνσρ(s)
representing a distribution with the properties
∂µAˆµνσρ(s) =
(
δσρ∂ν − δνσ∂ρ
)
δd(s) , (6.23a)
Aˆµµσρ(s) = 0 , ∂σAˆµνσρ(s) = 0 , (6.23b)
including δ function contributions. For s 6= 0 Aˆµνσρ(s) is determined by (3.13) and (3.14).
To obtain a well defined distribution on Rd we follow the previous case and pull out
derivatives in the spirit of differential regularisation so that it may be expressed in the
form
Aˆµνσρ(s)CV = − 2c
d(d− 2) δσρ ∂µ∂ν
1
sd−2
+
2e
d(d− 2) δµν ∂σ∂ρ
1
sd−2
− e
d(d− 4) ∂µ∂ν∂σ∂ρ
1
sd−4
− c+ de
d(d− 2)
(
δνρ ∂µ∂σ + δµρ ∂ν∂σ
) 1
sd−2
+
c− (d− 2)e
d(d− 2)
(
δνσ ∂µ∂ρ + δµσ ∂ν∂ρ
) 1
sd−2
+
(
C δµνδσρ +D δµσδνρ + E δµρδνσ
)
Sdδ
d(s) ,
(6.24)
where C,D,E represent the potential arbitrariness in the distribution. With this form
there is no ambiguity in determining the δ function contributions on differentiation or
taking the trace and imposing (6.23b) gives
C =
2
d
e , D = E = −1
d
(c+ de) (6.25)
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and then it is easy to verify (6.23a) if
2Sd(c+ e) = dCV . (6.26)
This agrees with the results of our calculations for free fields (5.5) and (5.10) or (5.6) and
(5.11).
Aµνσρ(s) clearly represents the coefficient of the leading singular term in the operator
product expansion of Tµν(x) and V
a
σ(y). The next leading singular coefficient, which is
O(s−d+1), also contributes δ function terms to the Ward identity (6.21) on taking the
divergence although a regularisation as in Aµνσρ(s) → Aˆµνσρ(s) is unnecessary in this
case. This coefficient may be obtained by expanding (6.22) where the O(s−d+1) terms in
the short distance limit are
Aµνσβ(s)sλ
∂
∂yλ
CV
Iβρ(y − z)
(y − z)2d−2 − Bµνσβλ(s) 2(y − z)λCV
Iβρ(y − z)
(y − z)2d ,
Bµνσβλ(s) = 12s2∂λAµνσβ(s) + sλAµνσβ(s) + sσAµνλβ(s)− δσλ sαAµναβ(s) .
(6.27)
It is crucial that Bµνσρλ(s) satisfies
Bµνσλλ(s) = 0 , (6.28)
which may be obtained from s2∂σAµνσρ(s) = 0 and Aµνσρ(s) = Iσα(s)Iρβ(s)Aµνβα(s).
The relation (6.28) is necessary in order for the terms in (6.27) to be written in accord
with an operator product expansion,
Tµν(x)Vσ(y) ∼ Aˆµνσρ(s)Vρ(y) +Bµνσρλ(s) ∂λVρ(y) ,
Bµνσρλ(s) = Aµνσρ(s)sλ − 1
d
δρλAµνσβ(s)sβ +
d− 1
d(d− 2)Bµνσρλ(s)−
1
d(d− 2)Bµνσλρ(s) ,
(6.29)
where we have required Bµνσλλ(s) = 0. The Ward identities contained in (6.20) are
satisfied since
∂µBµνσρλ(s) = −
(
δσρδνλ − δνσδρλ
)
δd(s) ,
∂σBµνσρλ(s) = Aˆµνλρ(s)− 1
d
δρλAˆµνββ(s) .
(6.30)
To show these we use (6.22a,b) (note ∂σ(sσAˆµνλρ(s)) = 0) to obtain
∂σBµνσρλ = 0 , ∂µBµνσρλ = −(d− 1)Aˆλνσρ − Aˆρνσλ + δρλAˆµνσµ , (6.31)
including possible δ function contributions. The second equation depends on
(sµ∂λ − sλ∂µ)Aˆµνσρ(s)
= −dAˆλνσρ(s)− Aˆσνλρ(s) + δσλAˆµνµρ(s)− Aˆρνσλ(s) + δρλAˆµνσµ(s) ,
(6.32)
which is a consequence of the infinitesimal version of the rotational covariance equation as
in (2.32).
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It remains to analyse similarly the three point function of the energy momentum
tensor for which from (6.5), given the definition (6.6), the crucial identities are
∂µ〈Tµν(x)Tσρ(y)Tαβ(z)〉
= ∂νδ
d(x− y) 〈Tσρ(x)Tαβ(z)〉+
{
∂σ
(
δd(x− y)〈Tρν(x)Tαβ(z)〉
)
+ σ ↔ ρ}
+ ∂νδ
d(x− z) 〈Tσρ(y)Tαβ(x)〉+
{
∂α
(
δd(x− z)〈Tβν(x)Tσρ(y)〉
)
+ α↔ β} ,
〈Tµµ(x)Tσρ(y)Tαβ(z)〉 = 2
(
δd(x− y) + δd(x− z)) 〈Tσρ(y)Tαβ(z)〉 .
(6.33)
As before the δ function contributions arise from the leading short distance singularities
at coincident points. From (3.15) for x→ y
〈Tµν(x)Tσρ(y)Tαβ(z)〉 = 1
sd
Iσρ,σ′ρ′(s) tσ′ρ′α′β′µν(X) Iα
′β′αβ(x− z)
(x− z)d(y − z)d
∼ Aµνσρα′β′(s)CT Iα
′β′αβ(y − z)
(y − z)2d , (6.34a)
Aµνσραβ(s)CT =
1
sd
tµνσραβ(s) , (6.34b)
where CT is the scale of the two point function as in (2.23). In order to satisfy (6.33) we
require the associated regularised distribution to satisfy
∂µAˆµνσραβ(s) =
(Eσρ,αβ ∂ν + Eνρ,αβ ∂σ + Eνσ,αβ ∂ρ)δd(s) , (6.35a)
Aˆµµσραβ(s) = 2Eσρ,αβ δd(s) , (6.35b)
where E , defined in (2.24), represents the identity on the space of symmetric traceless
tensors. From the original definition (6.34b) also
Aˆµνσραβ(s) = Aˆσρµναβ(s) , Aˆµνσραα(s) = 0 . (6.36)
As before we represent Aˆµνσραβ(s) = O(s
−d) in a differentially regularised form in terms
of derivatives acting on functions of O(s−d+2) which are unambiguous as distributions. It
is convenient for this purpose then to define the following set of tensors Hiµνσραβ(s) which
are traceless and symmetric on µν, σρ and αβ,
H1µνσραβ(s) =
(
∂µ∂ν −
1
d
δµν∂
2
) 1
sd−2
h1σρ(sˆ)h
1
αβ(sˆ) ,
H2µνσραβ(s) =
(
δσα∂ρ∂β + (σ ↔ ρ, α↔ β)
− 4
d
δσρ∂α∂β −
4
d
δαβ∂σ∂ρ +
4
d2
δσρδαβ∂
2
) 1
sd−2
h1µν(sˆ) ,
H3µνσραβ(s) = h
3
σραβ
(
∂µ∂ν −
1
d
δµν
) 1
sd−2
,
H4µνσραβ(s) =
(
h3µνσα∂ρ∂β + (σ ↔ ρ, α↔ β)−
2
d
δσρ
(
h3µνλα∂λ∂β + (α↔ β)
)
−2
d
δαβ
(
h3µνλσ∂λ∂ρ + (σ ↔ ρ)
)
+
8
d2
δσρδαβ
(
∂µ∂ν −
1
d
δµν
)) 1
sd−2
,
(6.37)
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where sˆ = s/
√
s2. With this basis we can express after some labour Aµνσραβ(s), which
is given by (3.19) for s 6= 0 with the coefficients written in terms of a, b, c by virtue of
(3.20,21), as a distribution consistent with (6.36) in the form
Aˆµνσραβ(s)CT =
d− 2
d+ 2
(4a+ 2b− c)H1αβµνσρ(s) +
1
d
(da+ b− c)H2αβµνσρ(s)
− d(d− 2)a− (d− 2)b− 2c
d(d+ 2)
(
H2µνσραβ(s) +H
2
σρµναβ(s)
)
+
2da+ 2b− c
d(d− 2) H
3
αβµνσρ(s)−
2(d− 2)a− b− c
d(d− 2) H
4
αβµνσρ(s)
− 2 (d− 2)a− c
d(d− 2)
(
H3µνσραβ(s) +H
3
σρµναβ(s)
)
+
(d− 2)(2a+ b)− dc
d(d2 − 4)
(
H4µνσραβ(s) +H
4
σρµναβ(s)
)
+
(
C h5µνσραβ +D(δµνh
3
σραβ + δσρh
3
µναβ)
)
Sdδ
d(s) .
(6.38)
C,D are arbitrary coefficients until the imposition of the Ward identities. From the trace
identity (6.35b) it is easy to see that (note h3σραβ = 2Eσρ,αβ)
dD = CT . (6.39)
With the results in the appendix in (A.6) we now find
∂µAˆµνσραβ(s)CT =
( 2
d2
(d− 1)((d− 2)a− c)− 4
d
C +D
)
h3σραβ∂ν Sdδ
d(s)
+
(1
d
(
2(d− 2)a− b− c)+ C)(h3νσαβ∂ρ + h3νραβ∂σ)Sdδd(s)
+
(
− 2
d2
(
2(d− 2)a− b− c)− 2
d
C +D
)
δσρh
3
µναβ∂µ Sdδ
d(s)
+
(
−(d− 2)(2a+ b)− dc
d(d+ 2)
+ C
)
×
(
h3σρνα∂β + h
3
σρνβ∂α −
2
d
δαβh
3
σρνµ∂µ
)
Sdδ
d(s) .
(6.40)
Comparison with (6.35a) then gives the equations
−(d− 2)(2a+ b)− dc
d(d+ 2)
+ C = 0 ,
Sd
( 2
d2
(d− 1)((d− 2)a− c)− 4
d
C +D
)
= 12CT ,
Sd
(1
d
(
2(d− 2)a− b− c)+ C) = 1
2
CT ,
(6.41)
apart from one which follows trivially given (6.39). It is then a simple exercise to check
their consistency and to finally obtain
4Sd
(d− 2)(d+ 3)a− 2b− (d+ 1)c
d(d+ 2)
= CT . (6.42)
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It may readily be verified that this is in agreement with the results for free field theories
in (5.5) and (5.12), (5.6) and (5.13) or for d = 4 (5.16) and (5.17).
Using our results we may write an operator product expansion for the energy momen-
tum tensor, generalising (1.1) to arbitrary d, which takes the form
Tµν(x)Tσρ(y) ∼ CT Iµν,σρ(s)
s2d
+ Aˆµνσραβ(s)Tαβ(y) +Bµνσραβλ(s)∂λTαβ(y) , (6.43)
where the c-number term corresponds to the two point function as in (2.23). The next to
leading operator term may also be found as in our discussion of the similar Tµν(x)Vσ(y)
case. By expanding (6.34a) we find
Bµνσραβλ(s) = Aµνσραβ(s)sλ
+
1
(d+ 2)(d− 1)
(
(d+ 1)Bµνσραβλ(s)− Bµνσρλβα(s)− Bµνσραλβ(s)
− d δαλAµνσργβ(s)sγ − d δβλAµνσραγ(s)sγ + 2δαβAµνσρλγ(s)sγ
)
,
(6.44)
where
Bµνσραβλ(s) = 12s2∂λAµνσραβ(s) + sσAµνλραβ(s)− δσλ sσ′Aµνσ′ραβ(s)
+ sρAµνσλαβ(s)− δρλ sρ′Aµνσρ′αβ(s) .
(6.45)
As before it is crucial that Bµνσρλβλ(s) = 0 and the corresponding condition has been
imposed on Bµνσραβλ(s) in (6.44). The Ward identity in (6.33) is satisfied due to
∂µBµνσραβλ(s) = − δνλEσρ,αβ δd(s)
+
1
(d+ 2)(d− 1)
(
d δαλEσρ,νβ + d δβλEσρ,να − 2δαβEσρ,νλ
)
δd(s) ,
(6.46)
where the second line on the r.h.s. of (6.46) does not contribute in the operator product
expansion (6.43). To verify (6.46) we use (6.35a,b) along with the definition (6.45) and an
analogous equation to (6.32) to obtain
∂µBµνσραβλ(s) = − d Aˆλνσραβ(s)− Aˆανσρλβ(s) + δαλ Aˆµνσρµβ(s)
− Aˆβνσραλ(s) + δβλ Aˆµνσραµ(s)
+
(
2δνλEσρ,αβ + (d+ 1)(δσλEνρ,αβ + δρλEνσ,αβ)
− δνσEλρ,αβ − δνρEλσ,αβ − 2δσρEνλ,αβ
)
δd(s) .
(6.47)
Of course in any conformal theory other operators may appear in the expansion (6.43).
In particular any scalar operator O with dimension η < d will be more significant in the
short distance limit than the contribution of the energy momentum tensor itself shown in
(6.43) if the 〈TTO〉 three point function, whose general form was found in section 3 in
(3.3,4) and (3.6), is non zero.
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7 Hamiltonian
The discussion of Ward identities in the previous section relating two and three point
functions requires a careful treatment of the singularities of the three point function at
coincident points. An alternative derivation which does not require an analysis of the short
distance limit may be given by constructing the Hamiltonian H operator from the energy
momentum tensor. If H is assumed to generate translations along the 1 direction then it
can be written as
H = −
∫
ddx δ(x1)T11(x) . (7.1)
The minus sign in the definition (7.1) is a reflection of the rotation to euclidean space, as
defined with our conventions H should have a positive spectrum. Choosing the configura-
tion specified by the points x = (0,x), y = ( 1
2
s, 0), y¯ = (−1
2
s, 0) then from (3.1) we may
write
〈T11(x)O(y)O(y¯)〉 = d− 1
d
a
1
(x2 + 14s
2)d
1
s2η−d
. (7.2)
It is then straightforward to evaluate the integral over x to obtain
〈O(y)HO(y¯)〉 = −2d− 1
d
Sd a
1
s2η+1
. (7.3)
However since H is the generator of translations along the 1 direction
〈O(y)HO(y¯)〉 = − ∂
∂s
〈O(y)O(y¯)〉 = 2ηN
s2η+1
, (7.4)
given the expression (6.15) for the two point function of the operator O. Comparing (7.3)
and (7.4) gives the same relation between a and N as found earlier in (6.20).
For the three point function involving the energy momentum tensor and two vec-
tor currents then from (3.11), using (3.13) and (3.14), we may similarly obtain in this
configuration
〈T11(x)V1(y)V1(y¯)〉 = 1
(x2 + 14s
2)d sd−2
{
2
d− 1
d
c
+ e
(
(d− 1)2 − (d− 2)(d+ 1) s
2x2
(x2 + 14s
2)2
)}
,
〈T11(x)Vi(y)Vj(y¯)〉 = 1
(x2 + 14s
2)d sd−2
{
−2d− 1
d
c δij
+ e
(
(d− 3)δij − (d− 2)(d+ 1) s
2xixj
(x2 + 1
4
s2)2
)}
,
(7.5)
where i, j denote components orthogonal to the 1 direction. We may then obtain
〈V1(y)H V1(y¯)〉 = − 4d− 1
d
Sd (c+ e)
1
s2d−1
,
〈Vi(y)H Vj(y¯)〉 = δij 4d− 1
d
Sd (c+ e)
1
s2d−1
.
(7.6)
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As before this may be directly related to the two point function of the vector currents
which as given in (2.23) requires
〈V1(y)V1(y¯)〉 = −CV 1
s2d−2
, 〈Vi(y)Vj(y¯)〉 = δij CV 1
s2d−2
. (7.7)
Hence the same result (6.26) derived from the Ward identities may be obtained.
For the energy momentum tensor three point function the algebraic complications are
again more severe. It is actually more convenient to start from the collinear configuration
of section 4 with points at (0, 0), y = ( 1
2
s, 0), y¯ = (−1
2
s, 0) and consider the conformal
transformation
xµ →
(1 + 14s
2b2)xµ + (x
2 − 12s2b·x− 14s2)bµ
1 + 2b·x+ b2x2 , bµ = (0,b) , (7.8)
so that y → y, y¯ → y¯ and (0, 0) → (0,−14s2b) = x. Using this we may find by transfor-
mation from (4.20) and (4.21)
〈T11(x)Tij(y)Tkℓ(y¯)〉
=
1
(x2 + 14s
2)dsd
{
δ δijδkℓ + ǫ
(
δikδjℓ + δiℓδjk
)
+Axixjxkxℓ
s4
(x2 + 14s
2)4
+
(
(β − δ)(δijxkxℓ + δkℓxixj)− (γ + ǫ)
(
δikxjxℓ + i↔ j, k ↔ ℓ
)) s2
(x2 + 14s
2)2
}
,
〈T11(x)Ti1(y)Tk1(y¯)〉
=
1
(x2 + 1
4
s2)dsd
{(
γ − (γ + ǫ) s
2x2
(x2 + 1
4
s2)2
)
δik +Axixk
s4x2
(x2 + 1
4
s2)4
+ (γ + ǫ− A)xixk s
2
(x2 + 1
4
s2)2
}
, (7.9)
A = α− 2β + 4γ + δ + 2ǫ = (d+ 3)(d− 2)(4a+ 2b− c) .
Hence we obtain
〈Tij(y)H Tkℓ(y¯)〉 = − 2Sd
s2d+1
1
d
{( A
d+ 2
+ 2β + (d− 2)δ
)
δijδkℓ
+
( A
d+ 2
− 2γ + (d− 2)ǫ
)(
δikδjℓ + δiℓδjk
)}
=
(
1
2
(
δikδjℓ + δiℓδjk
)− 1
d
δijδkℓ
) 2dCT
s2d+1
,
〈Ti1(y)H Tk1(y¯)〉 = − 2Sd
s2d+1
1
d
{
2γ − (d− 2)ǫ− A
d+ 2
}
δik = −12δik
2dCT
s2d+1
,
(7.10)
where we have used, from (4.22,23) and (4.25) 2β + (d − 2)δ = −2(d − 1)b + (d − 5)c,
2γ − (d− 2)ǫ = 2(d+ 3)(d− 2)a+ 2(d− 3)b− 3(d− 1)c and the results for A in (7.9) and
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CT in (6.42). The final result (7.10) is then as expected from the general formula for the
two point function of the energy momentum tensor in (2.23).
8 Scale Anomalies
The discussion in this paper has so far been based on exact conformal invariance. This
is relevant for quantum field theories at critical points where β functions are zero and hence
the operator contributions to the trace of the energy momentum tensor vanish. However
even at such critical points for a curved space background and with other external fields
there are possible c number contributions to the trace. For d = 4 these are local dimension
four scalars and the trace may have the form
gµν〈Tµν〉 = 12p J2 − 14κF aµνF aµν − βaF − βbG+ h∇2R . (8.1)
F aµν is the field strength formed from the gauge field A
a
µ while if Rαβγδ is the Riemann
curvature formed from the metric gµν , with Rαβ the Ricci tensor and R the scalar curva-
ture, then for general d we define
F = RαβγδRαβγδ − 4
d− 2 R
αβRαβ +
2
(d− 2)(d− 1) R
2 = CαβγδCαβγδ ,
G = RαβγδRαβγδ − 4RαβRαβ +R2 = 6Rαβ[αβRγδγδ] ,
Cαβγδ = Rαβγδ − 2
d− 2
(
gα[γRδ]β − gβ[γRδ]α
)
+
2
(d− 1)(d− 2) gα[γgδ]βR ,
(8.2)
where Cαβγδ is the Weyl tensor, the traceless part of the Riemann tensor. In writing (8.1)
we have supposed that the operator O which is coupled to the source J has a dimension
η ≈ 2, as is relevant for the case of the operator φ2 in scalar field theories (if such a low
dimension operator is present then generically the expansion (8.1) has several more possible
terms, we neglect such complications [27] here since scalar operators are only considered
as an illustrative exercise for more serious calculations involving conserved vector fields
and the energy momentum tensor). Many authors have computed the trace of the energy
momentum tensor on curved space for free fields [23] and found
βa = − 1
64π2
1
10
(
1
3nφ + 2nψ + 4nV
)
,
βb =
1
64π2
1
90
(
nφ + 11nψ + 62nV
)
,
(8.3)
with the notation of section 5 where now nV denotes the number of free vector fields. In
general gµν〈Tµν〉 might be expected to contain a term ∝ R2 but such a contribution can
be shown to be absent, at the critical point, due to integrability conditions for W [27,28].
The coefficient h in (8.1) is undetermined in general since it may be modified at will by
the addition of an arbitrary local term ∝ ∫ d4x√g R2 to W . If present the trace identity
for the two point function on flat space becomes
〈Tµµ(x)Tσρ(0)〉 = 2h(∂σ∂ρ − δσρ∂2)∂2δ4(x) . (8.4)
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For simplicity we take h = 0 henceforth.
The result for the trace anomaly in (8.1) is intimately connected with the renor-
malisation group equation since, for µ an arbitrary renormalisation mass scale, then by
dimensional analysis for general d(
µ
∂
∂µ
+
∫
ddx
(
2gµν
δ
δgµν
+ (d− η)J δ
δJ
))
W = 0 . (8.5)
Hence (8.1) implies, for d = 4,
µ
∂
∂µ
〈V aµ(x)V bν(0)〉 = − κ δabSµνδ4(x) , (8.6a)
µ
∂
∂µ
〈Tµν(x)Tσρ(0)〉 = − 4βa∆Tµνσρδ4(x) , (8.6b)
where we define for arbitrary d
Sµν = ∂µ∂ν − δµν∂2 , ∂µSµν = 0
∆Tµνσρ =
1
2
(
SµσSνρ + SµρSνσ
)− 1
d− 1SµνSσρ , ∆
T
µµσρ = 0 .
(8.7)
Even for a conformal field theory a dependence on a mass scale µ arises when the two
point functions are carefully defined as distributions for d = 4. From (2.23) or (5.4) we
may write for general d
〈V aµ(x)V bν(0)〉 = − δab CV
2(d− 2)(d− 1) Sµν
1
x2d−4
,
〈Tµν(x)Tσρ(0)〉 = CT
4(d− 2)2d(d+ 1)∆
T
µνσρ
1
x2d−4
.
(8.8)
However (x2)−λ is a singular function with poles at λ = 1
2
d+ n, n = 0, 1, . . .
1
(x2)λ
∼ 1
d+ 2n− 2λ
1
22nn!
Γ( 12d)
Γ( 1
2
d+ n)
Sd(∂
2)nδd(x) . (8.9)
Consequently x−2d+4 although defined by analytic continuation in d is singular when d = 4.
For d = 4 using differential regularisation ensures a sensible distribution through writing
R 1
x4
= −1
4
∂2
1
x2
(
lnµ2x2 + a
)
, (8.10)
with a an arbitrary constant (which may be absorbed into µ). With this prescription
µ
∂
∂µ
R 1
x4
= 2π2δ4(x) . (8.11)
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Using this regularisation in (8.8) when d = 4 then (8.6a,b) give
κ =
π2
6
CV , βa = − π
2
640
CT . (8.12)
It is easy to check that the results of section 5, (5.5,6) and (5.16), are in accord with (8.3).
For three point functions (8.1) leads to modified trace identities involving extra pieces
containing δ functions for all three points coincident. Such terms arise due to the need to
subtract singularities of the schematic form
1(
(x− y)2)δxy((y − z)2)δyz((z − x)2)δzx ∼
1
d+ n− (δxy + δyz + δzx) ∂
2nδd(x−y)δd(x−z) ,
(8.13)
for n = 0, 1, . . ., although detailed formulae are more complicated than (8.9)*. For illus-
trative purposes we consider first the 〈TOO〉 three point function when (8.1) implies
〈Tµµ(x)O(y)O(z)〉 = (d− η)
(
δd(x− y) 〈O(x)O(z)〉+ δd(x− z) 〈O(x)O(y)〉)
+ p δd(x− y)δd(x− z) , (8.14)
replacing (6.13b). We show below that the additional term in (8.14) involving p is necessary
for any d when η ≈ 1
2
d.
To verify (8.14) we start from (6.17) which with (6.20) may be written as
Aˆµν(s) = − η
(d− 2)(d− 1)Sd
(
∂µ∂ν − 1
d
δµν∂
2
) 1
sd−2
+
d− η
d
δµνδ
d(s) . (8.15)
Based on this form the result provided by (3.1) and (3.2) for the complete three point
function may be re-expressed as
〈Tµν(x)O(y)O(z)〉
=
dηN
(d− 2)2(d− 1)Sd
(
∂µ∂ν − 1
d
δµν∂
2
)( 1
(x− y)d−2(x− z)d−2(y − z)2η−d+2
)
− 2ηN
(d− 2)2Sd
((
∂µ∂ν − 1
d
δµν∂
2
) 1
(x− y)d−2
1
(x− z)d−2(y − z)2η−d+2
+
(
∂µ∂ν − 1
d
δµν∂
2
) 1
(x− z)d−2
1
(x− y)d−2(y − z)2η−d+2
)
+
d− η
d
δµν
(
δd(x− y) + δd(x− z))NR 1
(y − z)2η
+
1
d
p δµνδ
d(x− y)δd(x− z) ,
(8.16)
which is consistent as x→ y and also x→ z with the regularised short distance expansion
represented by Aˆµν(s) in (8.15) and agrees with (3.1,2) for non coincident points. Each
* For a particular case see ref. [29].
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of the terms on the r.h.s of (8.16) involving derivatives are well defined distributions for
η ≈ 1
2
d, the first since the derivative operators act on a non singular expression for η ≈ 1
2
d
and may be integrated by parts as in differential regularisation and the second since,
although there is a potential singularity when η = 1
2
d, the coefficient of this apparent
singularity can only be proportional to δµνδ
d(x− y)δd(x− z) but such a factor cannot be
present since this term has been arranged to be traceless. In the piece corresponding to the
second term in Aˆµν(s) in (8.15) we also introduce the regularised expression, for η ≈ 12d,
R 1
x2η
=
1
x2η
− µ
2η−d
d− 2η Sdδ
d(x)
= − 1
d− 2η ∂
2
( 1
2η − 2
1
x2η−2
− µ
2η−d
d− 2
1
xd−2
)
= − 1
2(d− 2) ∂
2 1
xd−2
(
lnµ2x2 +
2
d− 2
)
for η → 12d ,
(8.17)
which coincides with (8.10) for d = 4, η = 2 taking a = 1. The last term on the r.h.s.
of (8.16) reflects the ambiguity of representing the whole three point function as a well
defined distribution, its coefficient has been chosen to correspond with the extra term in
the trace identity (8.14). The identity (8.14) is then automatically satisfied if instead of
(6.15) we now take for the two point function the regularised form
〈O(x)O(z)〉 = N R 1
(x− z)2η . (8.18)
The resulting expression given by (8.16) for 〈Tµν(x)O(y)O(z)〉 is hence a well defined
distribution on R3d for η ≈ 12d including the limiting case η = 12d. If we now consider the
divergence of (8.16) standard calculations for η 6= 12d give
∂µ〈Tµν(x)O(y)O(z)〉 = ηN
d
(
∂νδ
d(x− y) 1
(x− z)2η + ∂νδ
d(x− z) 1
(x− y)2η
)
− d− η
d
N
(
δd(x− y) ∂ν 1
(x− z)2η + δ
d(x− z) ∂ν 1
(x− y)2η
)
+
d− η
d
∂ν
(
δd(x− y) + δd(x− z))NR 1
(y − z)2η
+
1
d
p ∂ν
(
δd(x− y)δd(x− z))
= ∂νδ
d(x− y)NR 1
(x− z)2η + ∂νδ
d(x− z)NR 1
(x− y)2η
+
1
d
(
p− µ2η−dSdN
)
∂ν
(
δd(x− y)δd(x− z)) , (8.19)
using the definition of R in (8.17), where the final result allows taking the limit η → 12d
in each term without singularities. Assuming the regularised form (8.18) for 〈OO〉 then
requiring the Ward identity (6.13a) therefore determines finally p = µ2η−dSdN (the same
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relation also follows from µ ∂
∂µ
〈O(x)O(0)〉 = pδd(x)). In the above derivation of (8.19) η
may be regarded as a convenient regularisation parameter, as in analytic regularisation.
Alternatively, if for instance η = d−2, the subtraction introduced in (8.17) and subsequent
discussion is equivalent to using dimensional regularisation.
For the 〈TV V 〉 three point function then for d = 4 (8.1) now leads to a modified trace
identity instead of (6.21)
〈Tµµ(x)V aσ(y)V bρ(z)〉 = δabκ
(
∂ρδ
4(x−y)∂σδ4(x−z)−δσρ∂λδ4(x−y)∂λδ4(x−z)
)
. (8.20)
To derive this result we use dimensional regularisation since d is the only variable parameter
in 〈TV V 〉 consistent with maintaining conformal invariance. According to (8.13) 〈TV V 〉
has a potential singularity as a distribution on R3d proportional to ∂2nδd(x− y)δd(x− z)
for d = 2n+ 2. For d = 4− ε a regularised form of the three point function is given by
〈Tµν(x)Vσ(y)Vρ(z)〉 = Iσα(x− y)Iρβ(x− z) tµνσρ(X)
(x− y)d(x− z)d(y − z)d−2
− (Aµνσβ(x− y)− Aˆµνσβ(x− y))CV Iβρ(y − z)
(y − z)2d−2
− (Aµναρ(x− z)− Aˆµναρ(x− z))CV Iασ(z − y)
(z − y)2d−2
+
µ−εS4
ε
CV
12
Dµνσρ(x− y, x− z) .
(8.21)
The second and third terms on the r.h.s. of (8.21) subtract the singular contributions for
any d arising as x→ y and x→ z respectively and replace them by the leading regularised
coefficients in the short distance expansion of Tµν(x)Vσ(y) and Tµν(x)Vρ(z) as given by
(6.24). The last term is necessary to subtract singular pieces present as ε → 0 according
to (8.13) which are then purely local with support only for x = y = z. This satisfies the
obvious symmetry requirements Dµνσρ(s, t) = Dνµσρ(s, t) = Dµνρσ(t, s). From (5.4) and
(8.8,9) the regularised two point function using dimensional regularisation is easily seen to
be
〈Vµ(x)Vν(0)〉 = CV Iµν(x)
x2d−2
+
µ−εS4
ε
CV
12
Sµνδ
d(x) , (8.22)
with Sµν as in (8.7). The expression (8.22) clearly agrees with (8.6a), for ε → 0, given
the relation between κ and CV again. The last term in (8.21) can now be determined
by the Ward identities reflecting conservation of Tµν and Vσ. In order to satisfy (6.21)
it is necessary that this term should generate the ε poles required by the regularised two
point function as in (8.22) since in section 5 we have verified that without this term the
expression given by (8.21) obeys the conservation Ward identities with the unregularised
form for the 〈V V 〉 two point functions. Hence Dµνσρ(x− y, x− z) is required to satisfy
∂µDµνσρ(x− y, x− z) = ∂νδd(x− y)Sσρδd(x− z)− δνσ∂µδd(x− y)Sµρδd(x− z)
+ ∂νδ
d(x− z)Sσρδd(x− y)− δνρ∂µδd(x− z)Sµσδd(x− y) ,
∂
∂yσ
Dµνσρ(x− y, x− z) = 0 . (8.23)
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This has a unique solution consistent with the symmetry requirements
Dµνσρ(s, t) =
(
δµσ∂ρδ
d(s)∂νδ
d(t) + δµρ∂νδ
d(s)∂σδ
d(t)− δσρ∂µδd(s)∂νδd(t) + (µ↔ ν)
)
− δµν∂ρδd(s)∂σδd(t) +
(
δµνδσρ − δµσδνρ − δµρδνσ
)
∂λδ
d(s)∂λδ
d(t) .
(8.24)
It is easy to see that
Dµµσρ(s, t) = ε
(
∂ρδ
d(s)∂σδ
d(t)− δσρ∂λδd(s)∂λδd(t)
)
. (8.25)
Hence applying this result in (8.21) shows that the regularised 〈TV V 〉 three point function
is in accord with the modified trace identity (8.20) for d = 4 if κ is given by (8.12) once
more.
As before we finally consider the three point function for the energy momentum tensor
although the calculational details are more intricate. By virtue of (8.1) the trace identity
is modified when d = 4 from the result in (6.33) to
〈Tµµ(x)Tσρ(y)Tαβ(z)〉 = 2
(
δ4(x− y) + δ4(x− z)) 〈Tσρ(y)Tαβ(z)〉
− 4(βaAFσρ,αβ(x− y, x− z) + βbAGσρ,αβ(x− y, x− z)) , (8.26)
where we assume h = 0 and we define, for general d,
δ
δgσρ(y)
δ
δgαβ(z)
F (x)
∣∣∣
gµν=0
= 2
d− 3
d− 2 A
F
σραβ(x− y, x− z) ,
δ
δgσρ(y)
δ
δgαβ(z)
G(x)
∣∣∣
gµν=0
= AGσραβ(x− y, x− z) .
(8.27)
The d dependent coefficients in the definition of AFσραβ are not essential but are chosen
for later convenience. The particular form of AFσρ,αβ(s, t) is not required here but it is
clearly symmetric AFσρ,αβ(s, t) = AFαβ,σρ(t, s) as is AGσρ,αβ(s, t). By explicit calculation,
with ∆Tσραβ defined in (8.7),∫
ddxAFσρ,αβ(x− y, x− z) = ∆Tσραβδd(y − z) ,
AGσρ,αβ(x− y, x− z) = −24
{EAσαγκ,ρβδλ∂κ∂λ(∂γδd(x− y)∂δδd(x− z))+ σ ↔ ρ} ,
(8.28)
where EAαβγδ,µνσρ is the projector for totally antisymmetric four index tensors, for any Tαβγδ
then T[αβγδ] = EAαβγδ,µνσρTµνσρ (if d = 4 then we may write EAαβγδ,µνσρ = 124ǫαβγδǫµνσρ).
The anomalous additional terms in (8.26) arise due to extra singularities present in the
three point function when d = 4. As in the 〈TV V 〉 case it is convenient to use dimensional
regularisation and subtract the singular poles in ε = d− 4. The possible counterterms for
the 〈TTT 〉 three point function may be formed from
δ
δgµν(x)
δ
δgσρ(y)
δ
δgαβ(z)
∫
ddx
√
g F
∣∣∣
gµν=0
=
d− 3
d− 2 D
F
µνσραβ(x, y, z) ,
δ
δgµν(x)
δ
δgσρ(y)
δ
δgαβ(z)
∫
ddx
√
g G
∣∣∣
gµν=0
= 12 D
G
µνσραβ(x, y, z) ,
(8.29)
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where explicit forms for DFµνσραβ and D
G
µνσραβ are not essential at this stage, although we
may obtain
DGµνσραβ(x, y, z)
= −60{EAµσαγκ,νρβδλ ∂γ∂δδd(x− y) ∂κ∂λδd(x− z) + σ ↔ ρ, α↔ β} , (8.30)
where EAµσαγκ,νρβδλ corresponds to antisymmetrisation of five index tensors.
DF and DG are clearly symmetric local functions of thee points, from their definitions
in (8.29), and satisfy important identities. From Weyl rescaling and invariance under
diffeomorphisms
2√
g
gµν
δ
δgµν
∫
ddx
√
g F = εF , ∇µ 1√
g
δ
δgµν
∫
ddx
√
g F = 0 , (8.31)
we may derive, using (8.28),
DFµµσραβ(x, y, z)
= εAFσρ,αβ(x− y, x− z)− 2
(
δd(x− y) + δd(x− z))∆Tσραβδd(y − z) ,
∂µD
F
µνσραβ(x, y, z)
= − ∂νδd(x− y)∆Tσραβδd(x− z)−
{
∂σ
(
δd(x− y)∆Tρναβδd(y − z)
)
+ σ ↔ ρ}
− ∂νδd(x− z)∆Tαβσρδd(x− y)−
{
∂α
(
δd(x− y)∆Tβνσρδd(y − z)
)
+ α↔ β} ,
(8.32)
which imply also AFσσ,αβ(s, t) = 0, ∂sσAFσρ,αβ(s, t) = 0. Similarly, or from the explicit form
(8.30) using 5EAµσαγκ,µρβδλ = ε EAσαγκ,ρβδλ,
DGµµσραβ(x, y, z) = εAGσρ,αβ(x− y, x− z) , ∂µDGµνσραβ(x, y, z) = 0 . (8.33)
As is well known for d = 4
∫
d4x
√
g G is a topological invariant, proportional to the
Euler number. In consequence DGµνσραβ vanishes when d = 4. However this involves the
vanishing of antisymmetric five index tensors which is valid strictly only when d = 4 and
so DGµνσραβ is a legitimate and in fact necessary counterterm in the context of dimensional
regularisation when relations dependent on specific integer dimensions should not imposed
in a consistent treatment*.
Using the previous results we may now write a regularised form for the energy mo-
* Note that the first variation of
∫
ddx
√
g G defines a tensor Hµν = −15Rαβ[αβRγδγδ gµ]ν =
2RαβγµRαβγν − 8RαβRαµβν + 2RRµν − 12gµνG which is a direct analogue of the usual Einstein tensor
Rµν − 12 gµνR. Hµν = Hνµ is zero for d = 4 and satisfies gµνHµν = 12εG, ∇µHµν = 0.
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mentum tensor three point function, analogous to (8.21), as
〈Tµν(x)Tσρ(y)Tαβ(z)〉
= Iσρ,σ′ρ′(x− y) Iαβα′β′(x− z) tσ
′ρ′α′β′µν(X)
(x− y)d(x− z)d(y − z)d
− (Aµνσργδ(x− y)− Aˆµνσργδ(x− y)) 12CT
(
Iγδαβ(y − z)
(y − z)2d +
Iγδαβ(x− z)
(x− z)2d
)
− (Aµναβγδ(x− z)− Aˆµναβγδ(x− z)) 12CT
(
Iγδσρ(z − y)
(z − y)2d +
Iγδσρ(x− y)
(x− y)2d
)
− (Aσραβγδ(y − z)− Aˆσραβγδ(y − z)) 12CT
(
Iγδµν(z − x)
(z − x)2d +
Iγδµν(y − x)
(y − x)2d
)
− µ
−ε
ε
4
(
βaD
F
µνσραβ(x, y, z) + βbD
G
µνσραβ(x, y, z)
)
.
(8.34)
By virtue of (8.32) and (8.33) this is in accord with the conservation Ward identity in
(6.33) and the modified trace identity (8.26) in the limit d→ 4 if
〈Tµν(x)Tσρ(0)〉 = CT Iµν,σρ(x)
x2d
+
µ−ε
ε
4βa∆
T
µνσρδ
d(x) . (8.35)
This has the appropriate form for the dimensionally regularised two point function for
the energy momentum tensor, based on (8.8,9), so long as the same relation obtained
earlier in (8.12) between βa and CT holds. The regularised expression (8.34) leads to a
renormalisation group equation for the three point function
µ
∂
∂µ
〈Tµν(x)Tσρ(y)Tαβ(z)〉 = 4βaDFµνσραβ(x, y, z) , (8.36)
in the limit d→ 4 when the apparent DGµνσραβ contribution disappears. Clearly βa arises
from the scale dependence introduced in the regularisation of the two and three point
functions of the energy momentum tensor even in the conformal limit whereas βb has a
rather different significance [30]. Using dimensional regularisation the coefficients βa, βb
can both in principle be determined by analysing the singular poles in ε of the three point
function according to an appropriate version of (8.13). Assuming the general counterterm
is just a linear combination of DFµνσραβ and D
G
µνσραβ , as exhibited in (8.34), then βa and
βb may be found as expressions linear in the three parameters a, b, c which are discussed in
sections 3 and 6 and which specify the general three point function of the energy momentum
tensor. Due to its complexity we have not undertaken this calculation here. However the
result for βa may alternatively be found given (8.12) and (6.42) when d = 4. Using this
and also the results for free fields in section 5 with (8.3) gives
βa = − π
4
64× 30(14a− 2b− 5c) , βb =
π4
64× 90(9a− 2b− 10c) . (8.37)
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9 Derivative Relations
In sections 2 and 3 we have endeavoured to derive expressions for conformally invariant
three point functions involving conserved vector currents and the energy momentum tensor.
In obtaining these results the conservation equations such as in (2.22) had to be imposed as
additional constraints. Here we show that in some cases it is possible to obtain alternative
representations in which the conservation equations are automatic.
We consider first a general three point function involving a vector current which from
(2.25), with d− 1 + η− + q = 0, has the form
〈Vµ(x1)Oi22 (x2)Oi33 (x3)〉 =
1
x
2(d−1)
13 x
2η2
23
Iµν(x13)D
i2
2 j2(I(x23)) tν
j2i3(X12) , (9.1)
where from (2.27)
∂µtµ
i2i3(X) = 0 . (9.2)
If this equation is trivially satisfied by writing
tν
i2i3(X) = ∂ρtνρ
i2i3(X) , tνρ
i2i3(X) = −tρνi2i3(X) , (9.3)
then an alternative representation to (9.1) with manifest current conservation is feasible.
Since
∂
∂X12ρ
= x 213Iσρ(x13)
∂
∂x1σ
, (9.4)
and with results such as
∂µ
( 1
x2(d−2)
IAµν,σρ(x)
)
= 0 IAµν,σρ(x) = 12
(
Iµσ(x)Iνρ(x)− Iµρ(x)Iνσ(x)
)
, (9.5)
where IAµν,σρ corresponds to an inversion in the representation of O(d) formed by antisym-
metric tensors, then we may write
〈Vµ(x1)Oi22 (x2)Oi33 (x3)〉
=
∂
∂x1 ν
(
1
x
2(d−2)
13 x
2η2
23
IAµν,σρ(x13)D i22 j2(I(x23)) tσρj2i3(X12)
)
,
(9.6)
with tσρ
i2i3(λX) = λ−(d−2+η−)tσρ
i2i3(X).
For a comparable treatment for the energy momentum tensor we first define HC as
the space of tensors with the symmetries of the Weyl tensor as defined in (8.2). Thus
Cµσρν ∈ HC ⇒ Cµσρν = C[µσ][ρν] , Cµ[σρν] = 0 , Cµσρµ = 0 , (9.7)
which implies Cµσρν = Cρνµσ, so that HC has dimension 112d(d + 1)(d + 2)(d − 3). It is
easy to see that for any Cµσρν(x) ∈ HC implies ∂σ∂ρCµσρν(x) = hµν(x) is a conserved
symmetric traceless tensor. Hence starting from (2.28) written as
〈Tµν(x1)Oi22 (x2)Oi33 (x3)〉 =
1
x 2d13 x
2η2
23
Iµν,σρ(x13)D i22 j2(I(x23)) tσρj2i3(X12) , (9.8)
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where (2.30) now requires ∂µtµν
i2i3(X) = 0, we therefore assume that it is possible to take
tµν
i2i3(X) = ∂α∂βtµαβν
i2i3(X) , tµαβν
i2i3(X) ∈ HC . (9.9)
Using (9.4) and results akin to (9.5) and in particular the symmetry properties of tensors
in HC , as given in (9.7), we may now show that (9.8) is equivalent to
〈Tµν(x1)Oi22 (x2)Oi33 (x3)〉
=
∂
∂x1σ
∂
∂x1ρ
(
1
x
2(d−2)
13 x
2η2
23
ICµσρν,µ′σ′ρ′ν′(x13)D i22 j2(I(x23)) tµ′σ′ρ′ν′j2i3(X12)
)
,
(9.10)
for IC ∈ HC × HC representing inversions on tensor fields belonging to the space HC ,
ICµσρν,αβγδICαβγδ,µ′σ′ρ′ν′ = ECµσρν,µ′σ′ρ′ν′ where EC ∈ HC × HC acts as a projection op-
erator onto HC . IC and EC are symmetric and IC may be written as ICµσρν,αβγδ =
Iµµ′Iσσ′Iρρ′Iνν′ECµ′σ′ρ′ν′,αβγδ. If Pµσρν = P[µσ][ρν], Pσρ = 12 (Pµσµρ + Pµρµσ) then EC is
defined by
ECµσρν,αβγδPαβγδ = 13
(
Pµσρν + Pρνµσ + Pµ[νρ]σ − Pσ[νρ]µ
)
− 2
d− 2
(
δρ[µPσ]ν − δν[µPσ]ρ
)
+
2
(d− 2)(d− 1) δρ[µδσ]ν Pλλ .
(9.11)
The significance of such results as (9.6) and (9.10) is that in an expansion of the
effective action W (g, A, J) then the contributions corresponding to (9.6) involve just the
abelian field strength ∂µAν−∂νAµ and for (9.10) the Weyl tensor Cαβγδ. The latter follows
since in an expansion around flat space gµν = δµν + hµν then Cµσρν = (∆h)µσρν + O(h
2)
where the differential operator ∆ is defined by
∫
ddxhµν ∂σ∂ρCµσρν =
1
2
∫
ddx (∆h)µσρν Cµσρν for Cµσρν(x) ∈ HC . (9.12)
Thus ∆µσρν,αβ = 2ECµσρν,αγδβ∂γ∂δ or more explicitly from (9.11)
(∆h)µσρν = − ∂ρ∂[µhσ]ν + ∂ν∂[µhσ]ρ
− 1
d− 2
(
δρ[µ(Lh)σ]ν − δν[µ(Lh)σ]ρ
)
+
1
(d− 1)(d− 2)δρ[µδσ]ν(Lh)λλ ,
(Lh)σρ = −∂2hσρ + ∂σ∂λhλρ + ∂ρ∂λhλσ − ∂σ∂ρhλλ .
(9.13)
With these definitions it should be noted that
∆Tµνσρ = 2
d− 2
d− 3 ∂α∂β∆µαβν,σρ ,
AFσραβ(x− y, x− z) = 4
d− 2
d− 3 E
C
σσ′ρ′ρ,αα′β′β∂σ′∂ρ′δ
d(x− y)∂α′∂β′δd(x− z) ,
(9.14)
39
with ∆T defined by (8.7) and AF by (8.27).
As an illustration of the applicability of these results we consider the 〈TTO〉 three
point function, for O a scalar field of dimension η. The conformal invariant expression was
constructed in (3.3,4) and (3.6). It is easy to see that we may write
1
X2d−η
tαβγδ(X) =
d− 3
d− 2 ∆
T
αβγδ
K
X2d−η−4
, (9.15)
where the coefficients a, b, c are determined in terms of K and satisfy (3.6). Hence we find
〈Tµν(x1)Tσρ(x2)O(x3)〉 = d− 3
d− 2
1
x
2d
13 x
2d
23
Iµν,αβ(x13)Iσρ,γδ(x23)∆Tαβγδ
K
X2d−η−412
= ∂1µ′∂1ν′
(
1
x
2(d−2)
13 x
2d
23
ICµµ′ν′ν,αβγδ(x13)Iσρ,αδ(x23) ∂X12β∂X12γ
4K
X2d−η−412
)
= ∂1µ′∂1ν′∂2σ′∂2ρ′
(
1
x η13 x
η
23
4K
x 2d−η−412
ICµµ′ν′ν,αβγδ(x13)ICσσ′ρ′ρ,αβγδ(x23)
)
.
(9.16)
The conservation equation for the energy momentum tensor is automatically satisfied as is
appropriate since there are no Ward identities in this case. It should be noted that for η = 0
this three point function does not depend on x3 and is proportional to 〈Tµν(x1)Tσρ(x2)〉.
10 Conclusion
The results of this paper demonstrate that for general dimensions the form of operator
product expansions involving the energy momentum tensor, or the conformal invariant
expressions for three point functions, are rather more complicated than in two dimensions
where the essential formulae take the very simple form given by (1.1,2). There are still
many unanswered questions, particularly in relation to positivity constraints. It is trivial
that in unitary theories the overall coefficient of the two point function CT , and also CV ,
is positive which given (6.42) and (8.12) provides one condition on the three parameters
a, b, c in the general three point function of the energy momentum tensor and also requires
βa < 0 for the coefficient of the F term in the energy momentum tensor trace on a curved
space background. As remarked by Cappelli, Friedan and Latorre [19] there is no presently
known condition on βb, despite the results for free fields (8.3). It would be very nice to
derive further positivity conditions on a, b, c which might imply positivity of βb. In general
there are no such conditions on three point functions but this is not true when the energy
momentum tensor is involved since the spectrum of the Hamiltonian H is required to be
positive. To proceed it may be necessary to consider the operator product expansion in
four point functions [30]. In this context it should be pointed out that it is not entirely
clear if the operator product expansion in dimensions d > 2 is associative although this is
probably essential for an algebraic operator formulation such as is used in two dimensions.
This question should presumably be answerable at least in a perturbative context.
As an illustration of the potential use of some of our results we recapitulate the well
known derivation of the c-theorem [2,3,19]. In two dimensions for a general massless field
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theory, or at distances small compared with any explicit mass scale, the two point function
for the energy momentum tensor takes the regularised form
〈Tµν(x)Tσρ(0)〉 = SµνSσρΩ(t) , t = 12 lnµx2 , (10.1)
where µ is a renormalisation mass scale (note that in two dimensions from (8.7) we may
write Sµν = −∂˜µ∂˜ν , ∂˜µ = ǫµα∂α and hence ∆Tµνσρ = 0). In terms of (10.1) we follow
Zamoldchikov [3] and define
F (t) = z4〈Tzz(x)Tzz(0)〉 = 116Ω′′′′(t)− 34Ω′′′(t) + 114 Ω′′(t)− 3Ω′(t) ,
G(t) = z2x2〈Tzz(x)Tµµ(0)〉 = −14Ω′′′′(t) + 32Ω′′′(t)− 2Ω′′(t) ,
H(t) = (x2)2〈Tµµ(x)Tσσ(0)〉 = Ω′′′′(t)− 4Ω′′′(t) + Ω′′(t) .
(10.2)
It is then easy to see that
C′(t) = −3
2
H(t) < 0 for C(t) = 2F (t)−G(t)− 3
8
H(t) , (10.3)
where if Tµµ = β
iOi then H = Gijβiβj with Gij(t) = (x2)2〈Oi(x)Oj(0)〉 the Zamolod-
chikov metric on the space of couplings. The flow of C(t) is clearly monotonic decreasing
and is only stationary at the critical points where βi = 0 where, from (1.2), C → c the
Virasoro central charge of the corresponding conformal theory (as compared with our pre-
vious normalisation Tµν → −2πTµν which is conventional for two dimensional conformal
field theories). An essential part of Zamolodchikov’s argument was that the quantity C(t)
is well defined in the conformal limit and hence the change ∆C in flowing between two
conformal field theories is unambiguous, independent of the path. It is possible to imag-
ine then that it may be feasible to define quantities in terms of the three point function,
analogous to (10.2), which have a well defined conformal limit and also nice properties
under renormalisation flow. It would probably be desirable to use the collinear configura-
tion since then, as described in section 4, the dependence on the spatial variables x, y, z
factorises into a unique form in the conformal limit. Presumably considering three point
functions of the energy momentum tensor in two dimensions gives nothing new, since the
scale is determine by the two point function, but for d > 2 there are three independent
coefficients in general. For d = 4 one linear combination gives βb, as shown in (8.37), which
was suggested by Cardy [21] as a possible candidate for a generalisation of the c-theorem
to four dimensions.
In two dimensions the Virasoro central charge may be related to physically measure-
able effects such as the universal finite size corrections to the Casimir energy for a strip
of width L [32]. The derivation of this result is not valid for d > 2, due to the restricted
nature of the conformal group in this case, but can be used to provide an alternative
generalisation of c away from d = 2 which differs from that provided by the coefficient of
the conformally invariant two point function for the energy momentum tensor. It would
be nice if the three independent coefficients in the energy momentum tensor three point
function could perhaps be related to such physically observable energies. Independent of
such conjectures it should be feasible to obtain expressions for the effective action W on
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curved space backgrounds for conformally invariant theories where at least to third order
in the curvature our results imply there are just three linearly independent forms whose
coefficients are related to the three parameters in the general conformally invariant three
point for the energy momentum tensor on flat space. Assuming conformal invariance is
therefore quite restrictive and should lead to hopefully simpler results than that found
recently for general theories [33]. The corresponding two dimensional result takes the
remarkably elegant form
W (g) = − c
96π
∫
d2x
√
g R
1
∇2R , (10.4)
which was found by integrating the two dimensional trace anomaly [34].
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Appendix
Here we collect various results needed in the derivation of the conformal invariant
form of the three point function for the energy momentum tensor. In order to impose
(3.16b) we use, with h1, h2, h3, h4, h5 defined in (3.2), (3.4) and (3.18),
Iµν,µ′ν′h5µ′ν′σραβ = h5µνσραβ − 2h4αβσρµν − 2h4σραβµν + 8h2σραβh1µν ,
Iµν,µ′ν′h4µ′ν′σραβ = h4µνσραβ − 4h2µνσρh1αβ − 4h2µναβh1σρ + 32h1µνh1σρh1αβ ,
Iσρ,σ′ρ′h4µνσ′ρ′αβ = − h4µνσραβ + 4h2µναβh1σρ ,
Iµν,µ′ν′h3µ′ν′σρ = h3µνσρ − 2h2µνσρ + 8h1µνh1σρ ,
Iµν,µ′ν′h2µ′ν′σρ = − h2µνσρ + 8h1µνh1σρ ,
Iµν,µ′ν′h1µ′ν′ = h1µν .
(A.1)
Note that these results are consistent with I2 = 1. For the conservation equations we use(
∂µ − d Xµ
X2
)
h1µν = 0 ,(
∂µ − d Xµ
X2
)
h2µνσρ = − 2d
Xν
X2
h1σρ −
4
d
∂νh
1
σρ ,(
∂µ − d Xµ
X2
)
h3µνσρ = − 2d
Xν
X2
h1σρ − d ∂νh1σρ ,(
∂µ − d Xµ
X2
)
h4µνσραβ = −
d− 2
d
∂νh
2
σραβ + 4
Xν
X2
(
h2σραβ − 2(d+ 2) h1σρh1αβ
)
− 2(d+ 2)(h1αβ∂νh1σρ + h1σρ∂νh1αβ) ,(
∂µ − d Xµ
X2
)
h4αβµνσρ = −
2
d
∂νh
2
σραβ +
Xν
X2
(
2h3σραβ − d h2σραβ
)
,(
∂µ − d Xµ
X2
)
h5µνσραβ = − d ∂νh2σραβ +
Xν
X2
(
4h3σραβ − 2d h2σραβ
)
.
(A.2)
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In addition we need
h2µνσρ∂µh
1
αβ =
Xν
X2
(
h2σραβ − 4h1σρh1αβ
)− 4
d
h1σρ∂νh
1
αβ ,
h3µνσρ∂µh
1
αβ + h
3
µναβ∂µh
1
σρ = ∂νh
2
σραβ + 2
Xν
X2
(
h2σραβ − 4h1σρh1αβ
)
− 2h1σρ∂νh1αβ − 2h1αβ∂νh1σρ .
(A.3)
Also with h˜µνσρ as in (3.12) we find
(
∂µ − d Xµ
X2
)
h˜µνσρ = 0 ,(
∂σ − d Xσ
X2
)
h˜µνσρ = 2d
Xρ
X2
h1µν − 2 ∂ρh1µν .
(A.4)
For applications in section 6 we also need formulae for the divergences of the functions
Hi introduced in (6.30). It is convenient to define
D1σραβ(s) = D
1
αβσρ(s) =
(
∂σ∂ρ −
1
d
δσρ∂
2
) 1
sd−2
h1αβ(sˆ) ,
D2νσραβ(s) =
(
∂σ∂ρ −
1
d
δσρ∂
2
)(
δνα∂β + δνβ∂α −
2
d
δαβ∂ν
) 1
sd−2
,
D3σραβ(s) =
(
δσα∂ρ∂β + (σ ↔ ρ, α↔ β)−
4
d
δσρ∂α∂β −
4
d
δαβ∂σ∂ρ +
4
d2
δσρδαβ∂
2
) 1
sd−2
.
(A.5)
We may then find
∂µH
1
αβµνσρ(s) = −
2
d
∂νD
1
σραβ(s)−
1
d(d− 2) D
2
ναβσρ(s) ,
∂µH
2
µνσραβ(s) = −
2(d− 1)
d(d− 2) ∂νD
3
σραβ(s) ,
∂µH
2
αβµνσρ(s) =
2
d
(d− 2) ∂νD1σραβ(s)−
2
d− 2 D
2
ναβσρ(s) ,
∂µH
3
µνσραβ(s) = −
1
d
(d− 1)(d− 2) h3σραβ∂ν Sdδd(s) ,
∂µH
3
αβµνσρ(s) = D
2
ναβσρ(s) ,
∂µH
4
µνσραβ(s) = 2D
2
ναβσρ(s) + 2D
2
νσραβ(s)−
2
d
∂νD
3
σραβ(s) ,
∂µH
4
αβµνσρ(s) =
1
d
(d− 2) ∂νD3σραβ(s)
− (d− 2)
(
h3σρνα∂β + h
3
σρνβ∂α −
2
d
δαβh
3
σρνµ∂µ
)
Sdδ
d(s) .
(A.6)
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